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C DENSITY OF STABLE ERGODICITY FOR A CLASS OF PARTIALLY 

HYPERBOLIC SYSTEMS 

ZHIYUAN ZHANG 


Abstract. We show that among a class of skew-product C partially hyperbolic 
volume-preserving diffeomorphisms satisfying some pinching, bunching condi¬ 
tion with certain type of dominated splitting in the centre subspace, a C dense 
open subset contains ergodic diffeomorphisms for r > 3. As another applica¬ 
tion of our techniques, we partially generalised the result in (8) and obtain stable 
transitivity for action of random rotations on the sphere in arbitrary dimension. 
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1. Introduction 

The study of partially hyperbolic systems extends those of imiformly hyper¬ 
bolic systems, which were developed at length since the sixties. One of the impor¬ 
tant achievements is accomplished by Anosov, who showed, among other things, 
that uniformly h 5 /perbolic volume-preserving diffeomorphisms are always er¬ 
godic. Fundamental to Anosov's proof are the existence of stable/unstable mani¬ 
folds and their absolute continuity. For partially hyperbolic systems, one can also 
construct stable/unstable manifolds and show their absolute continuity. We re¬ 
fer the readers to m for details. It is interested to know to what extend one can 
recover the results from uniformly hyperbolic systems in the presence of a priori 
non-hyperbolic behaviours. One of the important conjectures is the Stable Ergod- 
icity conjecture, proposed by Pugh-Shub in 1996: 

Conjecture 1 (Pugh-Shub). Stable ergodicity is C’’—dense among the C partially 
hyperbolic volume-preserving diffeomorphisms on a compact connected manifold, for any 
r > 1. 
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In their original formulation of the conjecture flhl . the term stable ergodicity 
was referring to C'^—stably ergodicity, i.e. the persistence of ergodicity under C’’ 
small perturbations. More precisely, a diffeomorphism / is called C’’— stable er- 
godic if there exists e > 0 such that any diffeomorphism g satisfying 
is ergodic. Later the term stable ergodicity is often referring to the persistence of 
ergodicity under small perturbations. In some case one can show the C'^-density 

of C^—stable ergodicity, see for example fTlIbllTgl. 

This conjecture was supported by a proposed mechansim for ergodicity call 
"accessibility", which we now come to define. 

Definition 1. A partially hyperbolic dijfeomorphism / : X — )■ X is accessible if any 
point in X can be reached from any other along an su—path, which is a concatenation of 
finitely many subpaths, each of which lies entirely in a single leaf of or a single leaf of 
w». 

A natural weakening of the notion accessibility is the following. 

Definition 2. The accessibility class o/p e X is the set of all q E M that can be reached 
from p along an su—path. 

A partially hyperbolic diffeomorphisms / : X —)■ X is essentially accessible if every 
measurable set that is a union of entire accessibility classes has either full or zero volume. 

The Stable Ergodicity conjecture was split into two parts using the concept of 
accessibility. Pugh, Shub conjectured that: 1. Accessibility holds for an open and 
dense subset of C' partially h 5 rperbolic diffeomorphisms; 2. A partially hyperbolic 

volume preserving diffeomorphism with the essential accessibility property is 
ergodic. 

Significant efforts had been made to study the version of the conjecture, 
namely proving ergodicity in a open and dense subspace in the space of par¬ 
tially hyperbolic volume-preserving diffeomorphisms. In [ 91 , the authors proved 
that —density of —stable accessibility among partially hyperbolic systems. In 
m, the authors showed that essential accessibility plus a mild technical condition 
called "centre bunching" implies ergodicity. 

Finally, the version of the Stable Ergodicity conjecture was proved in the 
recent work m using a very different approach. They developed a sophisticated 
generalisation of Hopf's argument relying on a geometric device, the so-called 
"superblender". It is worth mentioning that their method combining accessibility 
with some "local" ergodicity mechanism still rely on [9l to deduce stable metric 
transitivity. 

On comparison, there is a paucity of results for the original formulation of the 
conjecture, namely the C’^ density of stable ergodicity. We will give a quick sum¬ 
mary of the known results. In 1191 , the conjecture is proved in general for ID centre 
bundles. Recently, A.Avila and M.Viana show the density of C'^—accessibility for a 
class of skew products with 2D centers [l]. In (6] the authors verified density 
of stable ergodicity for group extensions over Anosov diffeomorphisms ( for re¬ 
lated work, see 0). For group extensions, one can assume arbitrary centre dimen¬ 
sion, but it is clear that the d 5 mamics along the centre directions are isometries and 
therefore avoided many difficulties that would arise for nonlinear d 5 mamics. 
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It seems that all the existing approaches for Stable Ergodicity conjecture require 
proving the density of stable accessibility or essentially accessibility. The prob¬ 
lem of proving the density of accessiblity is addressed in many literatures on 
partially hyperbolic systems ( see for example 121, l2Tl ). 

In this paper, we prove the C’’ density of stable essential accessibility among 
a class of skew products satisfying some pinching, centre bunching conditions and 
certain type of dominated splitting. Combining fT] ( or the stronger result ISll, 
this implies the C density of stable ergodicity among this class. As mentioned 
above, previous results in this direction either assume the centre dimension is very 
low (ID or 2D), or assume that there is no non-linearity in the centre direction ( 
One should note that for group extensions, the dynamics along the centre direction 
are isometries, and any iterations can be described by finitely many real valued 
functions on the base). Compared to the previous works, ours is the first result 
that works for any central dimension and unrestricted nonlinearity 

Our proof is divided into two parts. On the one hand, for any C'^ skew product 
map satisfying some pinching, centre bunching conditions, we show that we can 
produce stable open accessible class under arbitrarily small C'^—perturbations. On 
the other hand, we show that for a generic skew product satisfying some centre 
bunching condition, if the centre direction (the fiber tangent space) admits certain 
type of dominated splitting, then either it has no open accessible class, or it is 
essentially accessible. The main theorems are as follows. 

Theorem 1. Given an integer c > 2, r > 2, let U be the set ofC skew products with 
central dimension c, satisfying pinching and 1—center bunching conditions. Then 
there exists a C'' dense open subset ofUo C U such that any diffeomorphism in Uq has 
an open accessible class. 

Here we will define skew product maps in Definition [TJ Section |3l The pinch¬ 
ing, centre bunching conditions will be given in Section |2l In fT4l . we proved 
Theorem[l]and similar results for a more general class of partially h 5 rperbolic sys¬ 
tems, though still assuming some pinching condition and certain regularity of the 
central foliations. For the convenience of the reader, we give a self-contained proof 
of TheoremUin Section [7| using some estimates in SectionS] 

Theorem 2. Given an integer c > 2, r > 3. Let lA be either lAl{X,Vol;l) for some 
I e [1, |] or W|(X, Vo/) ( defined in Section [3]) where X = Y x N and with fiber 
dimension dim N = c. Then there exists a C dense open subset Uq C IT such that 
any diffeomorphism in ITq is either essentially accessible or it has no open accessible class. 

Here lTf{X,Vol;l), ^^(X, Vo/) are collections of C'—skew products satisfying 
some pinching, centre bunching condition with certain type of dominated splitting 
in the centre subspaces. The precise definition will be given in Definition ITT] and 
[T 2 I As an immediate corollary, we have the following result. 

Theorem 3. Given an integer c > 2, r > 3. Let U he either L{f{X,VoT,l) for some 
I G [1, j] or U 2 (X, Vol ) where X = Y x N with fiber dimension dim N = c; let V be the 
set of C'" skew products on X satisfying —pinching condition. Then there exists a C'' 
dense open subset of IT f) V containing only ergodic diffeomorphisms. 

As an application, we have the following result for linear transforms of the tori. 
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COROLLARY A. Given any integer n,ni >2, and A G SL{n,Z), B G SL{m,Z). We 
denote the linear transform induced by A ( resp. B ) on torus T” ( resp. T'”) as (resp. 
fs )■ Assume the following conditions are satisfied. 

(V fA is -^-pinching; 

(2) fs is Anosov and —pinching. 

then for all sufficiently large integer k > 1, any r > 3, there exists a —neighborhood 
of the skew-product map fgXfA- T™ x T” —^ T”* x T" f with base map being f^ ) in 
the space ofC’’- volume preserving skew products, such that it has a C—dense C^—open 
subset containing only ergodic diffeomorphisms. 

In im, the author showed that all pseudo-Anosov linear transform on the T” 
with 2D—center are C'^—stable ergodic ( r = 5 for n > 6, r = 22 for n = 4). 
Compare to this result, our result can show robust ergodicity near linear transform 
with many zero Lyapunov exponents and even non-ergodic ones. We also relaxed 
the regularity constraint. But our result fail short of dealing with perturbations 
without preserving the C'^ product structure. 

In order to see the difficulty in getting a C'^—density result for accessibility or 
essentially accessibility, it is helpful to recall the proof of — density of stable ac¬ 
cessibility. In Q, the authors proved C^—density of accessibilify by combining 
1. local accessiblity, fhat is creating accessible class containing some highly non¬ 
recurrent disk; 2. proving accessibility modulo a set of well-distributed disks. In 
the first step, they method of creating local accessible class is based on basic ho- 
mofopy fheory. The main esfimafe fakes the advantage of the fact if one does not 
have to worry about norm, one can effectively promote displacement of the 
su-paths. This allows one to effectively relate the size of the local accessible class 
to the size of the perturbation. 

For C'^ small perturbations, the method in Q no longer works. Besides, it is 
unlikely that one would still get good estimates relating the size of fhe accessible 
to the room of perturbations, which also makes it useless to using the covering 
argument to resolve the accessibility problem in the large scale. 

Our approach for creating open accessible classes is base on transversality. We 
will use a topological result borrowed from [3 to show that stable accessible class 
exist when we have some transversality condition involving the images of sub¬ 
manifolds of a map from some parameter space to phase space. 

Given a stably open accessible class, it is natural to try to create minimality of 
the action of holonomy maps by perturbation. It appears that the available results 
in this direction is unsatisfactory for our purpose. Our main observation is that 
: for iterations of several conservative maps, we can conclude transitivity from 
an uniform lower bormd of fhe qualify of the stable manifolds for the associated 
random d 5 mamics ( actually our proof shows thaf any proper closed invarianf set 
has zero measure). 

As another application of our mefhod, we generalised the result in (8) and ob¬ 
tain the following. 

Theorem 4. Given d G N*, there exists a number fcg such that for any m, for any set 
of rotations R^, ■ ■ ■ ,Rm in such that R^, ■ ■ ■ ,Rm generate there exists a 

number e > 0 such that if {/»} is a set of volume preserving diffeomorphisms on and 
maxa d^kg {Rd/fa) < G then any closed {fa} — invariant set has zero Lebesgue measure. 
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In particular, {/«} is transitive and the orbit of almost every point in S'* under the action 
of {fa } is dense. 

This theorem is proved via combing Proposition|8]in Section|6]and the lineariza¬ 
tion result in (8). In (8l, the authors obtained stable ergodicity of actions of random 
rotations in even dimensions. For the moment, we still do not know whether we 
have stable ergodicity in odd dimensions. 

Finally, we note that our method rely on the conservation of the holonomy 
maps, which is conjecture to be a rare phenomenon among volume preserving 
partially hyperbolic diffeomorphisms ( see Il20ll ). Moreover, although our criteria 
for IFS is —robust, in order to ensure the closeness of the holonomy maps 
one need to impose the closeness of the partially hyperbolic systems, this is 
why we are only able to show C^—stable ergodicity. To solve the Stable ergod¬ 
icity completely using accessibility approach one might need to look for a more 
topological argument. 

Acknowledgement. I thank Artur Avila for encouragement and especially for 
pointing out mistake in a previous result. I also thank Raphael Krikorian for ex¬ 
plaining some of the ideas in (8|. I thank Martin Leguil for first introducing to me 
this problem and many conversations, thank Pierre Berger, Weixiao Shen, Amie 
Wilkinson for listening and encouragement. 

2. Partially hyperbolic diffeomorphisms 

Given a smooth d—dimensional Riemannian manifold X with a volume form 


Definition 3. [ Anosov, partially hyperbolic and dominated splittings] 

A diffeomorphism / : X —)■ X is uniformly hyperbolic or Anosov if there exists 
a continuous splitting of the tangent bundle into Tf—invariant sub-bundles: 

TX = E® © E“ 

such that for every unit vector v G TX 

\\Df{v)\\<lifveEf 

\\Df{v)\\>iifveEr 

A diffeomorphism f : X ^ X is partially hyperbolic if the following conditions 
hold. There is a nontrivial continuous splitting of the tangent bundle TX = E® © E'' © E“, 
that is invariant under Df. Furthermore, there exists > 0 smcE 

that 


(2.1) 

and we have 

- x' < x" 

< x" < 

(2.2) 

l|D/(u)|| 

< e~^'\\v\\,\lv e E® \ {0} 

(2.3) 

e^"\\v\\ < \\Df{v)\\ 

< e^" |u|, Vu e E”' \ {0} 

(2.4) 

e«“||u||< ||D/(i;)|| 

,Vi;eE“\{0} 


We denote the set of all the C ( resp. C volume preserving) partially hyperbolic diffeo¬ 
morphisms by VH'’ {X)( resp. VH'’{X,m)). 
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A diffeomorphism / : X —> X has a non-trivial uniformly dominated splitting 
if the following conditions hold. There is a nontrivial continuous splitting of the tangent 
bundle TX = k > 2 that is invariant under Df. Furthermore, there exists a 

collection of constants {Xi>Xi}i<i<k-i such that for any 1 <i <k — l,we have 

(2.5) Xi < 

(2.6) ||D/(x,r;)|| < e E,-(x) \ {0} 

(2.7) e^‘\\u\\ < ||D/(x,M)||,VMeE,+i(x)\{0} 

For any partially hyperbolic diffeomorphism / : X —?■ X, through each point 
X G X (including all the C’^ Anosov maps), we have a well-defined unstable man¬ 
ifold W“(x) and stable manifold Vy^(x). Moreover, X is foliated by WJ, W|, and 
W|' (x), >V^(x) are C’^—manifolds, though the transverse regularity is often merely 
Holder. 

Given any two sufficiently close submanifolds transversal to the 

foliation, for some subset of Vi denoted by T>q, for each x G 'Dq, the local unstable 
manifold >V“ (x) intersect 222 at a unique point, denoted by "*"hen the 

map X I—)• ^ well-defined continuous map from a subset of 22o to 

222. We call HJ the unstable holonomy map from 22i to 222. We define stable 
holonomy maps in a similar way. 

Definition 4. [ Dynamically coherence ] A partially hyperbolic diffeomorphisms / : X —>• 

X is d 5 mamically coherent if and E®" are integrable to foliations W®® and W®" 
respectively. In this case, E® is integrable to the central foliation for which W®(x) = 
W®® (x) n W®“ (x) for all x G X. 

It is an open question that whether dynamical coherence is a open condition. 

It is known that when E® is and integrable, d 5 mamically coherence is robust. 
Since we will only be focus on skew products, d 5 mamically coherence comes in 
the definition, so we will not be needing results in this direction. 

Given a partially hyperbolic diffeomorphism / : X —> X. Assume that / is 
dynamically coherent, and the central leaves are compact. For any two compact 
leaves Ci, C 2 that are contained in a central unstable leaf W®“, we have a well- 
defined holonomy map HJ from Ci to C 2 - Moreover is defined every¬ 
where on Cl. Similarly, the stable holonomy map : Ci —)■ C 2 is defined 

when Cl, C 2 belong to the same central stable leaf. 

Definition 5. [ Pinching ] A partially hyperbolic system f G VH’'{X) is called 0—pinching 

if the following holds. There exist constants / x“ > 0 such that 
e-^'||i;|| < ||D/(i;)|| ,'iveTX 

ll^/(^)ll < ll^ll,Vz; G TX 

and 

-x" + Ox'" < X‘' 
r - df > X‘^ 

Here x^, X^‘, if, xf ure constants satisfying (12.111 to (12.4b . 

Our interest in partially h 5 rperbolic diffeomorphisms satisfying pinching condi¬ 
tions comes from the following theorem in IITTI . 
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Theorem 5. Suppose that f : X ^ X is a 6— pinching C’’ partially hyperbolic system, 
then the local unstable and stable holonomy maps are uniformly 6—Holder. 

We also introduce the following notion of pinching for diffeomorphisms with a 
dominated splitting. 

Definition 6. [ Pinching for dominated splittings ] A diffeomorphisms / : X —)■ X hav¬ 
ing anon-trivial uniformly dominated splitting TX = > 2 is cflZZed0—pinching 

if the following holds. There exist constants {Xi,Xi)i<i<k-i satisfying (12.5b , (12.6b , (12.7b 
and x“,x^ such that 

(2.8) < \\Df{v)\\ ,^veTX 

(2.9) \\Dfiv)\\ < e^“||z;||,Vzi e TX 

and 

(2.10) max{x'‘,f)0 < min(;^,t-T - - Xi) 

It is clear from the definition that any diffeomorphisms / G 'DS’'{X) is0—pinching 
for some 0 > 0. Our interest in Definition[6]comes from the following proposition. 

Proposition 1. Let r > 2, 6 g (0,1]- Let f : X ^ Xbe a C’’ diffeomorphism hav¬ 
ing a 9—pinching uniformly dominated splitting TM = > 2 with constants 

{Xii Xi)\<i<k-ii satisfying (12.5b to (12.10b , then Ei{x),E]f{x) are 9—Holder func¬ 
tions of X. 

Proof. Denote d^ = dim(Ei). Denote the di—subspace Grassmannianbundle over 
X by Gri and the projection pi : Gr^ —t X. There is a natural smooth structure on 
Gri. We denote the lift of / : X —)■ X to Gri by Fi : Gri —t Gri. Since / is C'', Fi 
is By the D/—invariance of the splitting, we see that the image of the map 

X H -1 (x, Ei{x)), denoted by Xi, is a Fj—invariant section. By (12.6b , we can take an 
open neighborhood of Ej, denote by ZTi such that 

Ffi(Di) c ZJi 

and the F^”^ restricted to ZJi is fibre contraction ( see M) with contraction rate 
stronger than More precisely, for each x G X, any 111,112 G LZi fl 

we have 

d(Ff^(z;i),Ff^(z; 2 )) < 112) 

By (12.9b , the strongest contraction of f~^ on the base is weaker than e~^'' . That is, 
for any two points xi, X 2 G X that are sufficiently close, we have 

Then by ( 12.10b and the Holder section theorem in IIT2ll , we conclude that F^”^ |has 
a unique invariant section, which is 0—Holder. Thus Ei (x) is a 0—Holder function 
of X. Similarly, we can show that E]f{x) is also a 0—function of x. This completes 
the proof. □ 

We have the following immediate corollary of Proposition [1] 

COROLLARY B. Under the conditions of Proposition [I] there exists e > 0 such that 
Ei(x), Ej-(x) are (0 + e)—Holder function ofx. 
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Proof. By (12.10b . there exists e > 0 such that (12.10b holds after replacing 0 by 0 + e. 
This shows that / is (0 + e) —pinching. We finish the proof by applying Proposition 

[H □ 

It is helpful to consider the induced dynamics on varies Grassmannian bundles 
of a manifold which we now define. 

Definition 7. For any integer I G [l,d — 1], we denote Gr{X,l) the Grassmannian 
bundle ofX and pi : Gr{X,l) X the canonical projection. For each x G X, pf^{x) 
is identified with GrjT^Xfi), the Grassmannian of I dimensional subspaces of T^X, in 
a natural way. We denote an element in Gr{X,l) by {x,E), here E is a I dimensional 
subspace of T^X. 

Given a C’’ diffeomorphisms / : X —X, there is a canonical G’'~^ diffeomorphism 
G(/) : Gr(X, 1) Gr(X, 1) associated with f, define as follows. 

G{f){x,E) = {f{x),Df{x,E)) 

We have equality p;G(/) = fpi. 

Definition 8. [I—center bunching] A partially hyperbolic system f : X ^ X is called 
/—center bunching if the following holds. 

-x' + <0 

and 

-X'‘+f-kX"<0 

for all 1 < k < 1. Elere X^, X^> X‘^r X'^ constants satisfying (12.lb to (12.4b . 

We denote the set ofG’’ I—center bunching (resp. volume preserving) partially hyper¬ 
bolic diffeomorphisms by VElf^fiXfi) (resp. m,l)). 

The following theorem is essentially proved in IITtI . 

Theorem 6. Given r > 2. For 1 < I < r, suppose that f : X ^ X is a I—center 
bunching, dynamically coherent partially hyperbolic diffeomorphism, then the local unsta¬ 
ble and stable holonomy maps between centre leaves are CK 

The following is also contained in the proof of main theorem in IflTl and will be 
used in several places. 

Theorem 7. Given number r > 2. Suppose that f : X ^ X is a C’’ 1—center bunch¬ 
ing, dynamically coherent partially hyperbolic diffeomorphism, then the local unstable and 
stable holonomy maps between centre leaves are for some f > 0. 

3. Skew products and examples 

The class of partially hyperbolic systems we will be studying is a class of "non¬ 
linear" skew products in contrast to the skew products considered in Jb) which 
was referring to compact group extensions. This class of partially hyperbolic sys¬ 
tems is also imder the name "smooth cocycles", for example in HI and the refer¬ 
ence therein. 

Notation 1. Let Y be a dg- dimensional compact Riemarmian manifold with a 
volume form y. Let / be a volume preserving Anosov diffeomorphism on Y. Let 
c G N, c > 2 and let N be a c—dimensional compact Riemarmian manifold with a 
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volume form m. We say a partially hyperbolic systems F:YxN^YxN is a 
C skew product if 

= (/(y)/g(y^z)) 

with centre directions at {y,z) E Y x N given by E‘^{y,z) = {0} x TzN. We say 
that / is the base map. Moreover, we call F a C’’ volume preserving skew product if 
for each y EY, g{y, ■) G Diff'’(N, m). 

It is direct to check that a C'^ volume preserving skew product F preserves mea¬ 
sure p X m. Hence F G VW^Y x N, p x m). 

For each integer r > s > 1, we will define the C® — topology on the space of 
O skew products to be the topology induced by the C®—distance on the space of 
C'^—partially h 5 rperbolic systems. Thus if for two C'^—skew products F, F defined 
asF(y,z) = (/(y),^(y,z)) and F(y,z) = (/(y),g(y,z)), we have da(F,F) < e, 
then we have 

(1) dcr { f , f ) < e; 

(2) supy ^ Ydcr { g { y ,-), g { y ,-)) < e . 

For any skew product F : Y x N —^ Y x Af, all compact leaves of F are of the 
form Ny := {y} x N for some y ^Y. Moreover, for any a > 0, we denote 

B{Ny,a) = B(y,cr) x N 

We will define two classes of diffeomorphisms as follows. Using these dif- 
feomorphisms, we can construct transitive iterated function systems as shown in 
Lemma I9I10I Later on we will use these lemmata to construct C^—stably ergodic 
partially h 5 rperbolic diffeomorphisms by C'^ perturbations. 

Definition 9. Given a c—dimensional Riemannian manifold X with a volume form m. 
For integers r > 2, Z G [1, j], we denote 'DS\{X,m;l) the set of C volume preserving 
diffeomorphisms F such that there exists an uniformly dominated splitting 

TxX = El (x) © E2{x) © E^{x) 

such that dim Ej = dim E 3 = 1. 

Definition 10. Given a c—dimensional Riemannian manifold X with a volume form 
m. Let T>S 2 {X,m) denote the set of C' volume preserving diffeomorphisms that satisfy 
that following conditons. For each f G 'DS 2 {X,m), there exists an uniformly dominated 
splitting 

TX = El © E 2 

with dim(Ei) < dim(E 2 ). Let constants Xi^Xi G IR te given by Definition^r elated to 
the above splitting, there exist constants Y* G satisfy 

e“^*||z;|| < ||D/(x, 17 )|| < e^”||u||,Vx G X,v G TxX 

and 

(3.1) Xi-2X1+X'‘<0 

We now define two classes of partially hyperbolic skew products. The fiber 
maps of these two classes of skew products resemble those diffeomorphisms de¬ 
fined in Definition 1^ and ITOl 
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Definition 11. Let (Y x N,x m) be defined in Notation\Ii For integers r > 2, I G 
[1, j], we denote IA\ (Y x N ,}i y. ni'l) the set of skew products FiYxN^YxN such 
that the centre space admits an uniformly dominated splitting 

E'^ = {0} X TN = El © £2 © Eg 


such that dim Ei = dim = 1. Moreover, we require the following. Let ^, xf, ff be 
the constants for the partially hyperbolic splitting and let {Xi/Xi}i<i <2 be the constants 
for the above dominated splitting i.e. for i = 1,2 


sup 

veEi\{0} 


l|DF(^)ll 


< e'^' < e- 


,Xi 


< inf 

i'GEi+i\{ 0 } 


||DF(ii)|| 


we require that 

(3.2) - Xi) 

(3.3) + x‘^ - x"^ + max(^^ 0) + max{-x‘^, 0) < 0 


Definition 12. Let (Y x N,p x m) be defined in Notation\l\ For integers r > 2, we 
denote U^iY x N,}i x m) the set ofskeiv products F: YxN^YxN such that the 
centre space admits an uniformly dominated splitting 

E" = {0} X TN = El © £2 


such that dim El < dim £ 2 - Moreover we require the following. Let X^ > X^ > X'^ > X‘^ be the 
constant for the partially hyperbolic splitting and let Xi/Xi be the constants for the above 
dominated splitting i.e. 


< sup 

i;e£i\{ 0 } 


||DF(z;)|| 


< < gAi < 


Xl 


inf 

ii6E2\{0} 


l|Df(«)ll 

ll“ll 


< e^ 


Moreover, we require that 

(3-4) max{-f,f)-^^ <Xi-Xi 

(3.5) ;e^+Yi-2;ei <0 

(3.6) + xf -x’^ + m.ax{xf, 0) + max(-;^‘^, 0) < 0 


Remark 1. It is clear from the definition that U\{Y x N,p x m;l), I G [1,^] and 
IF^iY X N,p X m) are open sets in the space ofO skew products. 

Example 2. Given any A g SL{n,Z), n >2, we denote the affine action induced 
A on T” by /^i : T” —?■ T”. We denote the eigenvalue of A by Ai, ■ ■ ■ ,Xn sorted by 
their modulus i.e. |Ai| < IA 2 I ^ ^ |An|. We assume that |A, | are not all equal 

to 1. Let b{A) be the largest integer in [1, n] such that || < 1. By symmetry, it 
is easy to see that we have |Af,(,i)+i| = • • ■ = \X„_^a)\ = 1 and |A„_i,( 2 i)+i| > 1. 
We denote x(A) = log |A„_j,( 2 i)+il and ;^(A) =log|A,i|. 

Now let B G SE(2m, Z) induce an Anosov action on i.e. b{B) = m. Let 
A G SL{n,Z), n > 2, whose eigenvalues are not all of modulus 1. Denote F = 
fBxfA- X T” ^ X T” the skew product map with base dynamics being 
/b : ^ T^"'. Assume the following conditions hold. 
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(3.7) x{B) > 

(3.8) < Xi^) 

(3.9) x{B) - > UA) 

Then for each integer r > 3, there exist a neighbourhood of F in the space 
of C— skew products, denoted by U, such that a C'' dense open subset of U 
contains only ergodic diffeomorphisms. 

It is easy to see that (13.91 1 implies that x{B) > nx{A). Thus for (13.711 , (13.81 1 and 
(13.91 1 to hold, it suffices to check 

(3.10) < x{A) and x{B) > max{nA)x{A) 

In the case where m = 1 and A has exactly two eigenvalue of modulus different 
from 1, then we have ;t(B) = x{B) mdxiA) = x{A). As a consequence, (I3.7b . (l3.8t 
and (13.9b reduce to 

XiB) > max(n,4)x(A) 

4. Random perturbations 

In Section 0] and |5l we will establish some estimates for the perturbation of the 
holonomy maps of a skew product map. 

Given an integer r >2. Let X be a compact Riemannian manifold with a volume 
form Vol and F G Vl¥{X, Vol). Let x‘^ >X‘^>X^>X'^^ the constants in Definition|3] 
and inequalities (12.1b to (12.4b in Definition |3] are satisfied with / replaced by F. We 
define constant f > 0 as 

^ = mhx[x" + X\x’' -f) 

We will repeatedly use the following definition. 

Definition 13. A C’' deformation is defined by the following data. Let I > Qbean integer, 
U be an open neighbourhood of the origin in IR^. Let F : U x X ^ Xbe a O map such 
that 

(1) F(0,-) = F; 

(2) For each beU, F{b, ■) e VW{X). 

We call F a smooth deformation of F ivith I—parameters. We associate with F the 
following map T: UxX—>-UxX by 

(4.1) Tib,x) = ib,F{b,x)) 

Moreover, if for each b €z U, we have F(b,-) G VLL’fX, Vol), then we say that F is a 
volume preserving O deformation. 

It is also convenient to have the following definition. 

Definition 14. Given an integer I > 0, a smooth map V : IR^ x X —>• TX is called an 
infinitesimal C'' deformation ofF ivith I—parameters if 

(1) V(0,-) =0; 

(2) For each B G IR^, V{B,-) isaC’’ vector field on X; 

(3) For each x & X, B V{B, x) is a linear map from IR^ to T^X. 
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For a sujficiently small e > 0,we can define a C deformation ofF with I—parameters 
F associated to V using the following formula. 

F{b,x) = Oy(j,,.)(F(x),l),V(fc,x) eUxX 

where U = B{0,e) C IR^ and : X x R ^ X denotes the flow generated by vector 

field V{b,-). 

In this case, we say that F is generated by V and V is the generator ofF. Moreover, if for 
each B e R^, y (B, ■) is divergence free, we say that V is a volume preserving infinitesimal 
C’’ deformation. A C deformation generated by a volume preserving infinitesimal C’’ 
deformation is volume preserving. 

For each {b, x) G JJ x X, we have a T— invariant splitting 
T^U®T^X = Ef{b,x)®Ei^{b,x)®Ef{b,x) 

where 

E“'«(fc,x) = {0}©E“';,^(x) 

Ef{b,x) = T,U®E^p^^^^^{x) 

We will use the inclusions E*p^^ ^ (x) —t {0} © E*p^^ ^ (x) c Ti,U x TxX for * = s, u, c 
tacitly. 

For any (b, x) e U x X and v G Ti,U x TxX, we denote tcx{v) the component of 
v in TxX and we denote tt*(u) the component of u in Ep for * = u, s, c and in T],U 
for * = b. 

Caution 1. Under our notations, for v e T^U ffi TxX the component ofv in the centre 
subspace ofT is not tTc{v) but rather nc{v) + rzh{v). 

Notation 2. Let Y,N be given by Definition [T] From now on till the end of 
Section|5j we assume that f is a volume preserving skew product and denote 

X =YxN 
Vol = y X m 

Recall that for each y e Y, Ny = {y} x N is a central leaf. For yi, yi&Y contained 
in a unstable leaf for / (resp. stable leaf for f), we use abbreviations Efp (resp. 

We denote by Tiy : X ^ Y (resp. : X —)■ N) the canonical projection to Y 
(resp. N). 

From now on we will only be considering deformation of F preserving the 
central foliation. More precisely, let F : U x X X be a deformation of F, we 
assume that: 

(4.2) For each b G LI, each x G X, wehaveF(b, x) G Wp(F(x)) 

We make a parallel assumption for infinitesimal deformation V as follows 

(4.3) For each B G R^eachx G X, we have V{B,x) G Ep(x) 

Remark 2. The relation between (lO and m is clear. Denote V an infinitesimal C 
deformation of F satisfying (14.3b , and denote F a C deformation generated by V, then F 
satisfy Il4.2b . 
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For any C’’ deformation P satisfying l|4.2|l . the following is clear : 
j(x) = Ep{x) and Ej{b,x) = Ti,U © Ep(x) for * = c,cs,cu; 

In the following, we will use the inclusion TU C Ej tacitly. For example, in the 
expression DT((0, x), B) where B G TqU ~ IR^, we mean that B is identified with 
an element in ToLf x {0} C Ej(0, x) rmder the natural inclusion. 

Proposition 2. Given r >2. Assume that P is a C'' deformation ofF with I—parameters 
satisfying (14.2b . There exists an open neighborhood of the origin contained in denoted 
by Uq, such that T restricted toUo x X is a partially hyperbolic systems and dynamically 
coherent with centre leaves of the form UqxC where C is some central leaf of F. Moreover 
forintegerr > I > 1 and F G VH^^^{X,l),afterpossibly reducing the size of Uq, we can 
assume that the s, u—holonomy maps between centre leaves ofT are CK 

Proof. By ll4.2b . the distribution TU © E‘^ is T—invariant. By the cone field criteria, 
after possibly reducing the size of Uq, we can ensure that for all b G Uq, Ep^^ ^ 

is close to Ep and along which the expansion rate of P(b, ■) is close to that of F, 
and the similar thing for Ep^^ Thus we get a continuous splitting satisfying the 

hypothesis of partially hyperbolic system, with centre subspaces given by Ef = 
TU © Ep. It is direct to check that Ef is integrable to Uq x C where C is some 
central leaf of F. This proves the first statement. 

For the second statement, it is clear that Z—center bunching condition is an 
C^—open condition. Then after possibly reducing the size of Ug, and replacing 
T by its iterations, we can verify the Z—center bunching condition. The smooth¬ 
ness of s, M—holonomies follows from Theorem[6l □ 

In the following, we will replace U by Ug satisfying the conclusion of Proposi- 
tion|2l When the exponents for the partially hyperbolic splitting of F are given, we 
will always assume that U is chosen to be small enough so that for any b E U, the 
same set of exponents works for the splitting of the perturbed map P{b,-). 

Notation 3. Let F : ZJ x X X be a C' deformation of F, and let C be any central 
leaf for F, we denote C = ZT x C. It is direct to see that C is a central leaf for T. We 
say C is the lift of C for T. Moreover, let C, C be any central leaves for F contained 
in a central imstable leaf for F, the lift C, C' are contained in a central unstable leaf 
for T. We denote the imstable holonomy map between C and C'. Similarly, 

we define stable holonomy map ^ for C,C' contained in a central stable leaf 
for F. For yi,i /2 G ^ contained in a unstable leaf for / ( resp. stable leaf for f ), we 
use abbreviations H“ (resp. to denote (resp. 

Remark 3. Most of the propositions in Section \M5\ can be extended to the case where the 
ambient manifold is -foliated by compact central leaves using some of the ideas in IITSl . 
However, our argument linking the transversality to the transitivity exploits the fact that 
the holonomy maps for this skew-products preserve a smooth measure. This condition is 
expected to be easily destroyed by a generic volume preserving —perturbation that do 
not preserve the central foliations f llSOl ). This is the reason why we focus on skew products 
with a C’’— central foliation and the diffeomorphisms that preserve it. For symplecto- 
morphisms, the holonomy maps preserve the smooth measure induced by the symplectic 
structure. In this context, our results can be strengthened. We will not pursue this avenue 
here. 
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Now we will give some estimates related to the holonomy maps. In this section, 
all the implicit constants (in symbols O, < , etc. ) depend only F. 

Proposition 3 {A priori estimates). For integer r >2, let F be a C’’ 1—center bunch¬ 
ing, dynamically coherent partially hyperbolic dijfeomorphisms. Let F : U x X ^ Xbea 
C’' deformation ofF generated by an infinitesimal C'' deformation V. Then for any central 
leaves C, C contained in a local central unstable leaf (resp. local central stable leaf), we 
have 

^ max(Lfp(y),l)dvv"(C,C') 

{resp.\\DW^^^^g,Wco < max{Lip{V),l)dws^{C,C')) 

Here the implicit constant may depend on F, but not on P. 

Proof. This is essentially proved in IITtII . □ 

Some of the estimates will depend on the support of a deformafion or an infin- 
ifesimal deformafion, which we now define. 

Definition 15. For an infinitesimal C’’ deformation of F with I—parameters V : IR^ x 
X —)■ TX, we define 

suppx{V) = {x G X|3B G ]R^ such that V{B,x) 0} 

For a C’’ deformation ofF with 1—parameters P : U x X X, zve define 

suppx{P) = {x G X\3b G U such that P{b,x) x} 

It is clear from Definition [141 ITSl thaf for any infinitesimal deformation V , let 

F be a C'^ deformation of F generated by V , we have 

suppxiP) C suppxiv) 

We will make some definitions related to an open set Q. 

Definition 16. Given an open set Q G X, C > 0. Denote A = diam{nY{Q)). An 
infinitesimal C deformation V : x X —> TX is adapted to (Q, C) if 


(4.4) 

suppxiV) c Q 

and 


(4.5) 

Lip{V) < CA-i 


Given any F G DiJf{X), we define 


RiQ) = inf{n > 0|F-”(Q) f]Q^(Z)or F’^{Q) fj Q ^ 0} 

Proposition 4. For any open set Q c X, any C > 0, any integer n > 1 such that 
R(Q) > n, let V be an infinitesimal C'" deformation of F that is adapted to (Q, C), let 
& Q ‘ind B G TqU, we have the following : 

(1) If X i suppx{V) and x,y lie in a local unstable leaf of F that is contained in Q, 
then 

ll^c(DH)l,,^(,y,^(^)((0,x),B)) - V{B,y)\\ < Ce-"?||B|| 

(2) Ifx,ylie in a local stable leaf of F that is contained in Q, then 


C DENSITY OF STABLE ERGODICITY 


15 


Proof. By the invariance of s,u,c— foliations, we have 

TT* _ n-’U tj* '-r—n 

T,TTY(x),TTY(y) ~ T,f-’’{7TY{x)),f-'‘{7TY{y))^ 

for all n G Z and * = s,u. 

By the definition of T (14.1b . for any (b,x) ^ U x X, we have 
DTiib,x);TYX) = TyX 

and 

7th(DT((b,x);B)) = BforallB e TfcLf 

Since for each {b,x) G U x X, x) C {b} x X, it is easy to see that for any 

X, y G Wp (resp. x, y G Wp)/ for B & TqU, we have 

(4-6) MDH^T,nY[x),nY[y)((^'^)'^')') =6 

(4.7) (resp.7rfc(DH“^^^(^)^„^(^)((0,x),B)) = B) 

Moreover, by the F—invariance of Ep for * = s, u, c and Definition [131 for any 
X G X we have DT~^{ (0, x), Ep) = Ep for * = s,u, c. 

Assume that the conditions in (1) are satisfied. Since R{Q) > n, when resfricted 
toll X T~’”(Q) for all 2 < m < n we have 

DT= Id X DF 

In particular, for any 1 < m < n — 1, any z G T~'"{Q), any B G TqU, we have 

DT~\{0,z),B) = B 

Moreover, since any x suppx{V), we have 

Dr-i((0,x),B) = B 

As a result, for any x, y in (1), we have fhat 

= 7r,(Dr(T-”(0,y),B + 7r,(DH“^_„(^^(^))^^_„(^^(^))DT-”((0,x),B)))) 

(4.8) =7r,(Dr(T-”(0,y),B + 7r,(DH“^_„(„^(^))^^_„(„^(y))(T-"(0,x),B)))) 

We claim fhat 

Indeed, since x, y lie in a local F— unstable leaf thaf is confained in Q, we know 
fhat 

d(r-"(0,x),T-”(0,y)) < e-”«“d(x,y) < 

Then the claim follows from Proposition |3] and (14.5b . 

By (14.8b and the fact that ||Dr”|p^|| < , we have 

^c(Dff?,(0,.),(0,y)((0'^)^B)) 

= 7r,(DT"(r-"(0,y),7r,(DH»^^_„(„^(^))^^_„(„^(^))(T-(0,x),B)))) 

+7rc(Dr(r-i(0,y),B)) 

= y(B,y)+0(Ce"(^'-^“)||B||) 

= y(B,y) + 0(Ce-"f||B||) 
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Similar argument shows that under the condition in (2), we have 

= 0{Ce-”^\\B\\) 


□ 

As a consequence of the above lemmata, we can estimate the derivatives of fhe 
map corresponding to holonomy loops. For our purpose, we will be concentrated 
on the simplest type of holonomy loops described as follows. 

Definition 17. Let F bea dynamically coherent partially hyperbolic system with compact 
central leaves. Given a central leafC, a triple (Ci, C 2 , C3) denoted by 7 is called a 4-legged 
SM— loop at C if the following holds : {C,}i<k 3 are compact central leaves and 
Cl e W|(C),C 2 e W^(Ci),C 3 e W^{C2)andCe W^(C 3 ). 

To each 4-legged su—loop 7 , we assign a homeomorphism ofC, denoted by Hp j, de¬ 
fined as follows 

TJ _ TjS TTll TjS TTll 

rtF,7 - «F,C3,C^F,C2,C3^FA,C2 ^F,C,Ci 

Let 7 = (Ci,C 2 , C 3 ) beasM—loop atC, wedenote 7 = (Ci,C 2 ,C 3 ). It is clear that 
7 is a SM— loop at C. We call 7 the lift of 7 for T. 

Proposition 5. Given integer r > 2 and let F e ^ dynamically co¬ 

herent partially hyperbolic system with compact central leaves, a compact central leaf C, 
an open neighbourhood ofC denoted by Q and C > 0. Let 7 = (Ci,C 2 ,C 3 ) be a 4-legged 
su—loop at C such that the part of stable/unstable leaves connecting C, Ci, C 2 , C 3 are con¬ 
tained in Q. Let F : U x X ^ Xbe a C deformation of F with I—parameters with gen¬ 
erator V that is adapted to (Q, C) such that C, C 2 ,C 3 are disjoint from suppx{V). Then 
after possibly replacing U by a smaller domain containing 0, we have G Diff^jC) 
and for any x G C, any B G IR^ roe have 


\\nc{DHT,ymx),B)) - c3,cHfaa 

Here 7 is the lift of'y for T. 

Proof. For i = 1,2,3, denofe C, the lift of C, for T according fo Notafion|3l Then 


TJ _ TjS TJU TjS TJ 

j^t,7 — tAA 


u 

T,C,Ci 


Since F is 1—bunching, by ProposifionlH H“ ^ and ^ are 

after possibly reducing the size of U. Thus for any x E C, B E TqU, we have 
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In order to estimate J4.9b . we denote 
h{B) = 

X-i = ii'f,c,C-S-X) 

h{B) = DHy^^^^{{0,x,),hm 

X2 = 

13(B) = 

^3 = ^¥, 02 , 03 (^ 2 .) 

14 (B) = DH^^g^^^-((0,X3)J3(B)) 

X 4 = H|c3,c(^3) 

It is direct to verify that 

DHT,y{{0,x),B) = h{B) 

For the brevity of the notations, we let C 4 = C. It's clear that Ii{B) G Ej and 
Xi e Ci for each i = 1, ■ ■ ■ , 4. 

We denote for each i = 1, ■ ■ ■ , 4 that 

ifiB) = jzcim) 

Then by (14.611 , II4.7II we have 

Ii{B) = I^{B) + B 

Thus we have 


(4.10) If+4(B) = Hlc,c,Jxi, If (B)) + 7r,(H;^^-,^^-,^^((0,xO, B)) 


Here * = s when i = 1,3 and * = u when i = 2. 

Byh57pothesis K(Q) > 1,C,C2/C3 are disjoint fromsMppx(^) andf“^(sMppx(^)))- 

By PropositionlH for; = 1,2,3, take * = s when f = 1,3 and * = u when i = 2, we 
have 


while 


\MKr r 

1 /L'i/L'- 


i/^i+1 


((0,x,),B))|| <Ce-«(Q)?||B 


\\MHlc,C3ii^'^)>B))-V{x^,B)\\<Ce-^^Q^B\\ 
Then by (14.10b and Propositionwe got 

= H|^c3,c-f^F,A,C3^^l,Ci,C2(^i'^(B,^i)) + 0 (Cc-«(Q)?||B 


□ 


5. Dimension gap 

Using the estimates of the derivatives of holonomy maps, we will estimate the 
measure of the parameters in a C’’ deformation that corresponding to unlikely co¬ 
incidences related to sets of large positive codimensions. The main result of this 
section is Proposition |6l First we need to give lower bounds for certain determi¬ 
nants. 

Given r > 2, a 1—center bunching C’’ skew product F : X —)■ X, we have the 
following lemma. In the following, all the implicit constants depends only on F. 
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LEMMA 1. For any L G N, C,k > 0, there exists Rq = Ro{L,C,k) > 0 such that 
the folloiving is true. Let C be a central leaf, let Q be an open neighbourhood of C, let 
li/ - - - be L su— loops at C, denoted by 7 ,- = ^ < I < h, such 

that the parts of stable/unstable leaves connecting C, C/ 7 , C/ 7 , C /7 are contained in Q. Let 
V : X X —>■ TX be an infinitesimal O deformation adapted to (Q, C). Assume that: 


(1) RiQ) > Ro 

(2) Denote B = (Ba)i<a<i S For any x^, ■ ■ ■ ,X£ G C, {«; jt}i</<L C 

l<fc<C 

[I] such that 


(5-1) 

for all 1 < i j < L, and 


(5.2) 




2k 


for all 1 < i < L; 

(3) C, C/ 7 , C/ 7 ,1 <i < L are disjoint from suppx{V). 

Let FbeaC deformation ofF with I—parameters generated by V. Then for any xi, ■ ■ ■ ,xi G 
C, there exists a subspace H cR^ such that dim(H) = Lc and 


det{H 9 B HA ( 7 rc(DHr, 7 .(( 0 ,x/),B))/=i ^...7 


i—1 


Proof Given xi, - ■ ■ ,xl g C, let H = 0^^^ ®k=i / where {a.ik}i<i<L are 

' l<k<c 

given by ( 2 ). Define : H-r nf=i by 

ip{B) = (7Tc(DHr^7,((0,x/),B))/=i^...7 
For each i = 1, - ■ ■ , L, let {1^/7, ■ ■ ■ , r^/,c} be a set of orfhonormal basis of 
let {m/ i, • • ■ , Ui c} be a set of orthnonormal basis of C/7. Letfhe Lex Lc— 

matrix G represent the map xp under the basis { 9 b^. }i<i<l and {r^/7}i</<L/ then 

l<k<c ' l<k<c 


det{ip) = det(G) 

Let the c x c—submatrix of G, denoted by G/ 7 , represent the map B ha tTc ( D H^ (0, xy), B )) 

restricted to under the basis {^b*;^ }i<fc<c and {vj^k}i<k<ci 

Let the c x c—matrix, denoted by X/ 7 , represent the map B ha rCcjDHf ^ ^ ((0, xf), B)) 


restricted to under the basis {^b^.^. }i<j:<c and {uj,k}i<k<c' 

Let the c x c—matrix, denoted by E/ 7 , represent the map B ha V{B, q ^(xj)) 


restricted to i 


^J:=l 


iRa 


under the basis {3 b«, Ji<fc<c and {upk}i<k<ci 


Let the c x c—matrix, denoted by Aj, represent the map 

under the basis {M 7 jt}i<A:<c and {Vj^k}i<k<c- 
It is direct to see that we have 


(5.3) = AjK.^j 

By Proposition |5] and (1), we have 

\\AjE^,j - G/7II < 
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Since Aj represents the derivatives of concatenations of local holonomy maps, by 
Lemma |3] and fhe hypothesis that V is (Q, C) — adapted, we have 

(5.4) IIA^II = 0{Lip{V)diam{Q)) = 0(C) 
and by (15.1b . we have 

(5.5) llEyll = 0 
for 1 < i ^ i < L, and by Il5.2b we have 

(5.6) det(E,,) > 2k 

for all 1 < f < L. By Il5.3b , (15.4b . (l5.5b .for 1 < i j < L we have, 

IlG- 11 < 

By ([5311, dEl, (ESll, for all 1 < i < L we have 

def(G,-,0 > 2k - 0(Ce-«o?) 

when Rq is sufficiently large depending only on L, C, k. Thus we have 

det(G) > k" 

when Rq is sufficiently large depending only on L, G, k. 

This concludes the proof. □ 

Now we have come to the main proposition of fhis section. 

Proposition 6 . Let L > 0 be an integer, C c X be a centre leaf, 71 , ■■■ ,ji be L 
su—leaves at C. Denote 7 ; = for 1 < i < L. Let P be aC deformation of 

F with I—parameters. Moreover there exists k > 0 such that for any x G C, there exists a 
subspace H c IR^ such that dim(H) = Lc, and 

(5.7) def(H (7rc(DHT,7((0,x), B))),=i,...,i, 

^ W^) > K 

i=l 

Then for any E c such that 

(5.8) HD{X) <c{L-l) 

for any e > 0, there exists b G U such that 

(1) \\b\\ < e; 

(2) Denote F' = F{b,-). For any x G C, we have 

(^^F',7i(^))l<;<L ^ ^ 

Proof. For each x G C, we define map 
^x-.U -3 

b i-A> (7rc(H7’7(b,x)))i<,<£ = (Hpjj, ,^,(x))i<,<L 

For any B G TqU, 

DY,((0,x),B) = (7r,(DHT,y,((0,x),B))i<K, 

i —1 

Then by ( 15.7b there exists H c ToLf such that dim(H) = Lc and det(DY;c(0 ,x)|7f) > 
K. By continuity, there exists ^ > 0, such that for each b G U and \b\ < fhere 
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exists H' c T},U such that dim(H') = Lc and det(DYx(fc, x) j^/) > k. By Theorem 
Hand the equicontinuity of the Holder functions, we see that ^ can be chosen to be 
independent of x. Hence for any x S C, any be Lf, |b| < ^, there exists H c 
such that dim(H) = Lc and det(DY;i;(b, x)|h) > k. We denote Uq = HnBu(0, C^)- 
For any ^ > 0, we denote 

= {z e C^|d(z,i:) < s} 

It is a classical fact that there exists constant C 4 > 0 such that 

Vol^{l.s) < 

Here Vole denotes the volume form induced by the Riemannian metric on C. 

We choose some sufficiently small ^ > 0, some small constant /5 > 0, choose a 
net in C, denoted by Af. Since dim(C) = c, we have #Af < For each 

X G A/” we have 

Consider 

= U 

xeTV 

We have 

Vol{Ui) < #J\f X k-'^VoIl{'Ls) 

< ^-ljcL-c(l+/3)-HD{E) 

By (15.8b . when /3 > 0 is sufficiently small, the exponent of S, i.e. cL — c(l + 
ji) — HDCL), is positive. Then Vol{Ui) tends to 0 as b tends to 0. Thus for any 
e > 0, when S is sufficienfly small, we have Lfi C Uq and fhere exists b G Ho \ Hi 
such that d( 2 r[P{h, ■),F) < e . Define F' = F(b, ■). We claim fhat F' satisfies the 
conclusion of Proposition | 6 l 

Indeed, for each x G C, there exists 1 / G A/" such that 

(5.9) d{x,y) <6'^+^ 

Since b G Hq \ Hi, we have 

By (15.9b and Proposition|3l for each 1 < ; < L, we have 

Thus 

^((^^F', 7 ,(^))i<!<L/(^^F', 7 i(y))l<!<L) < Lb^+^ 

This shows thaf 

^((HF',7,(y))i<Ki.'^) >S-0{L5^+^) > 0 
when 5 is sufficienfly small. In particular, we have 

(^^F',7i(^))l<!<L i ^ 


This concludes the proof. 


□ 
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6. Dichotomy : essentially accessible versus the non-existence of 

OPEN ACCESSIBLE CLASSES 


6.1. A criteria for the transitivity of iterated function systems. In this section, we 
will recall some basic notions and results in the study of the dynamics of multiple 
diffeomorphisms which are relevant to our results. 

Let M be a compact d—dimensional Riemannian manifold with a smooth vol¬ 
ume form m. Given an integer k >2 and k diffeomorphisms /i, • • • , /t; G Diff^ (Al), 
we are interested in the dynamics of the iterations of these k diffeomorphisms. 

Definition 18. For any k > 2, fi, ■■ ■ G we call an IFS (i.e. 

iterated function system). 

Similar to the study of the dynamics of a single diffeomorphism, we have anal¬ 
ogous notions of ergodicity and transitivity. 

An IFS {fi}i<i<k is transitive if there exists x G M such that for any open 
set U C M, there exists a finite words co = cl)iC 02 ■■■ coi in 1, ■■■ ,k such that 
fwi ■ ■ G LI. 

Definition 19. Given an integer k>2,an IFS {fi}i<i<k- denote O = {1, ■ ■ ■ , k}^ 
and denote F the Bernoulli probability measure on O. Then (O, P) is the probability space 
of two-sided infinite sequences of independent random variables uniformly distributed on 
{1, ■ ■ ■ , m}. For any n > l,co = {■ ■ ■ co-icvqcvi ■ ■ ■) G O, we denote 

fco ' ' ' f^O 

Then (/^(Y))„gz is a Markov process. We call the Markov process constructed in this 
way an Bernoulli IFS associated to {fi}i<i<k- 

We denote the shift map on O by 

Tq : O —} Cl 
{To{<w))n = CVn+1 

and the natural extension on P x M as 


T : Cix M —5- Cl X M 


T{cv,x) = {To{a>),fcoo) 

For any co = {■ ■ ■ ooqCO\ ■ ■ ■) G O, any integer k,] G N, we denote 


rk,k+j 

Jco 

rk,k-j 

Jw 


fc 


f-1 . 


■fc 


ft^k 

-1 


<^k-l 


Given a Bernoulli IFS {/,}i<;<yt/ ^ probability measure y G 'P{M) is called a 
stationary measure for {/!}i<;<yt if 


1 ^ 
f' = fc 

i=l 

A stationary measure y is ergodic if it is not a non-trivial convex combinations of 
other stationary measures. 

For any Bernoulli IFS {fi}i<i<kc there always exists a stationary measure. When 
{fi}i<i<k have a common invariant measure y, then y is a stationary measure for 
the Bernoulli IFS {fi}-i<i<k- 
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Similar to the study of deterministic dynamics, we can also define Lyapunov 
exponents for random dynamics. 

Theorem 8. ( Theorem 3.2 in M ) Given f\, - ■ ■ ,fk G Dijf^iM, m). There exists a 
measurable set Ag c Cl x M with (P x m)(Ao) = 1, r(Ao) = Aq such that: 

(1) For every {lo, x) G Aq there exists a decomposition of T^M 

T:,M = V^^\co,x) © ■ ■ ■ © 
and numbers 

—00 < < A(^)(x) < ■ ■ ■ < A(''(^)^(x) < +00 

which depend only on x, such that 

= a(')(x) 

for all ^ G y(')((U,x),l < i < r{x). Moreover, r{x),A^^\x) and V^^\lo,x) 
depend measurably on {co, x) G Aq and 

= ''(^)'A^'^(/a;o(^)) = A(‘)(x),D/a,oV(')(a;,x) = V^^\t{(v,x)) 
for each {cv,x) G Aq, 1 < i < r{x). 

(2) For each [lo,x) G Aq, if ■ ■ ■ ,^d} is a basis ofTxM which satisfies that for 
each f = 1 , • • ■ , r(x) there are exactly dim many index j satisfies 

I I (+ ^/) I = a(') (x) 

then for every two non-empty disjoint subsets P,Q C {!,■■■ ,d} we have 
^hm^ i log \A{DfZEp, DfZEo) \ = 0 

where Ep and Eq denote the subspaces ofT^M spanned by the vectors {fi}/ep 
and {^;};gQ respectively. 

Remark 4. In Theorem 3.2 fT3l , the author considered the non-invertible map defined on 
X M and got a filtration of subspaces. Here we consider the invertible map 
F and get a splitting. The proof of both theoremes are by Oseledec's theorem. 

We call the numbers A^^^ (x), • • • , A('^(^))(x) the Lyapunov exponents at x. 

Now we recall some facts about stable and unstable manifolds of random dy¬ 
namical systems. We follow the presentations in HS). More detailed information 
can be found in IITSl . Chapter 111 . 

Given /i, • • • ,fk G Diff^'*“®(M, m) for some s > 0, for each (cv, x) E Cl x M, we 
define 

0 exponentially fast, n —oo} 

For (P X m) — a.e.{cv,x) such that the Lyapunov exponents defined at (cu,x) are 
not all zero, W^(x) are manifolds. Endow Vy^(x) with induced Remannian 

distance, we denote VV^(x,/) the Z—ball in W^(x). We shall use the absolutely 
continuity of the lamination ( for P — a.e.co). More precisely, we have 

(AC) For almost all co the following holds. Assume that restricted to a closed set 
K c M, {yVZ{^)}x€K is a continuous lamination ( of constant dimension ). Then 
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let Vi, V 2 be submanifolds of dimension complementary to that of the lamination 
and transversal to the lamination. Choose I > 0 and let 

Ki = {x e Vi : WIj{x) is transversal to Vj, 

#(yy^(x, Z) Pi 14 ) =1 arid this intersection is transversal } 

Then the holonomy map along the stable leaves p : Ki ^ V 2 is absolutely contin¬ 
uous in the sense that it maps measure zero sets to measure zero sets. 

To simplify the notations, we introduce the following quanfities. 

Notation 4. Given a Bernoulli IPS {fi}i<i<k, an integer b E [l,d — 1], for any 
X E M, any {d — b)—subspace E c T^M, any n e N, we denote 

C{x,E,n) = ]E(log sup \\PDfs,{x,E)^i^fwix>^))\\) 

veU(E-i-) 

D(x,E,n) = ]E(log inf ||D/^(x,m)||) 

M G U {E) 

Hereafter for any subspace of TxM denoted by G, we define U{G) to be the set of 
unit vectors in G. 

Here C{x,E,n) describes the weakest contraction rate in the directions trans¬ 
verse to E for a typical iteration of lengfh n starting from x; D{x,E,n) describes 
the strongest contraction ( or the weakest expansion) in E for a fypical iferafion of 
lengfh n sfarfing from x. 

Definition 20. Given a Bernotdli IPS {/,}i<k/c/ integer b E [l,d — 1], if there exist 
no > 1/ N > 0, K2 E (—oo,ki) such that for any x E M, any [d — b)—subspace 
E c TxM, we have 

1 

(6.1) —C(x, E,no) < —Ki 

no 

1 

(6.2) — D(x,E,no) > —K 2 

no 

Then we say {fi}i<i<k is (no, ki, K 2 , b) — uniform. 

If there exists b E [l,d — l] such that {fi}i<i<k is {no,Ki,K 2 ,b)— uniform then we 
say {fi}i<i<k is {no,Ki,K2)-uniform. 

LEMMA 2. There exists Ci,cr > 0, such that the following is true. For any x E M, any 
{d — b)—subspace E c TxM, any integer n > 0,we have 

E( sup ||PD^„(^^E)±(D/^(x,i;))f) < 
veU(E-^) 

and 


E(|| inf Dff{x,v)\\-‘^) 

veU{E) 

Proof. The proof is similar fo thaf of Lemma 4 in l8ll. 

By our h 5 rpothesis, we have 

sup E(log sup \\P^,no ^{DfZ°{x,v))\\) < -noKi 

x&M veU(EX) ^ > 

E(SCr{TM,d-b) 
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Then hj = 1 + x + O(x^) when x G (—1,1), for small G > 0 ( depending on hq 
and ||/;||ci/1 = 1, ■ ■ ■ ,A:), we have 

sup E{ sup \\P no {DfZ°{x,v))\\‘^) 

veu(E^) ' > 

EeGr{TxM,d-b) ' ' 

= 1 +a sup ]E(log sup \\P^^no^^^^^-^^{DfZ°{x,v))\\) + 0{cr^) 


xgM 
EeGr{TxM,d-b) 


veU{E->-) 

Thus when u > 0 is sufficiently small, we have 


sup 

xGM 

EeGr{TxM,d-b) 


]E( sup IIP _(D/:«(x,u))r)<c— 
veU{E^) ^ ' 


Then by subadditivity, for each integer I > 0 we have 

E( sup ||P^^^„^^^^^^(D/>(x,u))|r)<c-"’o-ci 


sup 

xeM veU(EX) 

EeGr(TxM,d-b) 


—crnKi 


Then for some large constant Ci, we got 

sup E( sup ||PD^„(^j:)±(D/”(x,u))f) < Qe 

X&M ue(i(£-L) 

EeGr{TxM,d-b) 

for all n G N. This proves the first inequality. The second inequality follows from 
a similar argument. □ 


In order to state our main proposition properly, we will have to quantify transver- 
sality between linear subspaces and curves on the manifold. 

Definition 21. Given any x G M, any hyperplane E c TxM,foranyl,p,9,^ > 0, a 
curve C G M through x is called (/, p, 6) — regidar ivith respect to E if the following 

holds: 

(1) The angle between T^C and E is no less than 9. 

(2) The distances (restricted to the curve) between x to both ends ofC are no less than 1. 

(3) The C^'^^—norm ofC is at most p. 

We say a subset V G M through x is {l,p, 9)—regular with respect to E if there exists 
a curve C gV that contains x, and is {I,p, 9)—regular with respect to E. 

Proposition 7. Let s > 0, integer k > 2. Given k diffeomorphisms f G Dijf^~^^{M), 
i = 1, ■ ■ ■ ,k. Assume that there exists uq, kj > 0, K 2 G (—oo, kj) such that Bernoulli IPS 
associated to {fi}i<i<k is {nQ,K\,K 2 ) — uniform. Then there exists l,p,9 > 0 such that 
for all X in a co-nuUset in M, any hyperplane E G T^M, we have 

1 

P(VV^ (x) exists and is {I, p, 9) — regular ivith respect to E) > - 

Proof By definition, there exists an integer b Gi [1,d], Kj >0 and K 2 G (—oo,k^) 
such that {/i}i<;<fc is (ng, ki,K 2 ,fc)—uniform. Now we denote Ag the subset of 
Q X M in Theorem | 8 l 

By applying Lemma |2] and Borel-Cantelli lemma, we see that: for all {cv,x) in a 
co-null set in O x M, the Lyapunov exponents are not all zero. Hence W^(x) are 
defined for (P x m) — a.e.{a),x). 

For m — a.e.x G M, P — a.e.co, we already know that Wf;(x) exists. The main 
claim is that we can give uniform lower bound for the regularity of these stable 
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manifolds relying only on ng, ki,K2. For this purpose, we first establish some a 
prior estimates. 

LEMMAS. For any {lo,x) ^Aq, leti G [l,c]be the smallest integer such that > 

banddenote V~{(v,x) = (B'j^-iV^i\cv,x). Then for x in a co-null set of M, for each sub¬ 
space E c TxM of dimension {d — b), we have 

F{V-{a:,x)f]E f {0}) = 0 

Proof Assume to the contrary that there exists a positive measure set Mg C M 
such that for all x G Mg, P — a.e.co satisfies that {co,x) G Ag, and there exists a 
subspace E c TxM of dimension (d — b) such that P(y“(a;, x) OE f {0}) > 0. 

Then for P — a.e.co such that V~{lo,x) OE f {0}, for any v G U{V~{co,x) flE) 
we have 

(6.3) Ihn ilog||D/”(x,i;)|| < a(')(x) 

n—>-00 fi 

Since by the choice of i, we have dim ©p j {co,x) < b. Then dim (oi, x) > 

d-b = dimE. Denote V = , we have (E) C y'. Moreover, denote 

E' = ©p|y(i) © Ey'(E) , we have E c E' and as a consequence ^^±\\ > 

t( x) 

II^D/£(^,E')^II- By Gram-Schmidt, there exist a basis of Py/(E) of the form: Uyl/{w/,i + 

W;,2 + ^/,2/ • • • / Uj,lj + ‘^j,lj}- Here for each; = z, • • • , r(x), {uj i, • • • , Uji.} is a set 
of orthnormal vectors in l/(i) and {vj i, ■ ■ ■ ,Vj ].} C Since dimPy/(E) < 

dim V , there exist; G [i, r{x)] and a vector u G V^i'l orthonormal to {m; i, ■ ■ ■ , M;,;.}. 

Then by Theorem|8l we have lim„_ 5 .oo | log |Z(D/^(x, u), Dff{x, E')) | = 0. Thus 

(6-4) Jim i log ||Pd/»(:,,e)y(H/"(x,m))|| 

^ }^li^°S\\PDfS,{x,E')^iDfZ{x,u))\\ > A'(x) 

Thus by (ng, kj, K 2 , b) uniform condition, Lemma|2]and Borel-Cantelli lemma, we 
see that the set of events simultaneously realising ll6.3b and ll6.4b have zero proba¬ 
bility. □ 

By Lemma |3l we see that for x in a co-null set in M, for any E c r;i;M of dimen¬ 
sion {d — b), we have dim V~ {co, x) = b and V” (a;, x) fl E = {0} for P — a.e.co. 

Now we show that with large probability, the stable manifolds at x form good 
angles with a prescribed {d — fo)—dimensional subspace. 

LEMMA 4. There exist constants Cg, /3 such that for all x in a co-null set in M,for any 
E c TxM of dimension {d — b),for any e > 0, we have 

¥{Z{E,V-{lo,x)) <€)< Cge^ 

Proof. The proof of this lemma follows exactly that of Corollary 4,(b) in |8l. The 
push-forward of any graph of linear map from E to E-'- under D/” gets exponen¬ 
tially close to that of E with large probability. By combining Lemma |3 this shows 
that E form small angle with V~ (co, x) with small probability. We refer the readers 
to (8l for details. □ 
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Similar to V (lo, x) defined in Lemma|3l we define a subspace complementary 
to V~ [co, x) as follows. Let i G [1, c] be the smallest integer such that dim {co,x) 

f), we denote x) = By definition, it is clear that T:t:M is the 

direct sum of V~ {co, x) and (co, x). 

Now we define Pesin sets as follows. Take any constants ki,K 2 > 0 such that 
K 2 < K 2 < K-i < Ki { for instances, K 2 = We denote eg = 

min(k 2 — K 2 ,k-[ — ici). For some constant C,e > 0 we denote 

Ac,.(x) = {a;|||D/^'*^+^|y-|| < Ce^’^-i^\\\Df/-’\V+\\ < 

/^{V-{T^{co,x)),V+{T^{co,x))) > C-^e-^^,k > 0} 

Next we will give a lower bound for the probability of the Pesin set. 

LEMMA 5. For each n > 0, there exist C,e > 0 such that for any x in a co-null set of M, 
we have 


P(Ac,e(x)) > 1 - u 

Proof. By Lemma|4]and the fact that V^(T^{co, x)) depends only on coj^,co^+i, ■ ■ ■ 
and V^{T^{lo, x)) depends only (Ufc-i, > we have 

P(Z(V-(r*'(a;,x)),y+(T''((U,x))) < 

Summing up over k > 1, we see that the probability of the set of events that violet 
the last condition in the definition of Ac,e can be make arbitrarily small by making 
C large. 

For each k > 1, conditioned on coq, ■ ■ ■ , we take an arbitrary subspace E c 
Tfki^\M of dimension {d — b). Then for each /’ > 1, each event co ( still conditioned 

on coq,- ■ ■ ,cojf_i) that violets that first condition for i.e. \\Df^^^^\V~ \\ > 
Q^ek-jKi^ either we have Z{V~{T^~^i{co, x)), Df^^^\x, E)) < C“ 2 e“(t+J:)eo^ qj- there 
exists V G U{E^) such that ||Pp^j:,fc+;^^^jj_(D/*^'*^+^'(x,i;))|| > 

Choose e = Icq and j > uq, by Lemma |2l the probability of these two events are 
bounded by and respectively. Since _|_ 

are summable, we see that the probability of the set of events 
that violet the first condition for A^ ^ can be make arbitrarily small by making C 
large. 

For the second condition, we note that for each k G N, 1 < 7 < k, y+(r*^ i{co,x)) 
depends only on C 0 ]^_j_i, LO^_j_ 2 , ■ ■ ■ ■ For each oo violet the second condition, i.e. 

\\Df^J->\V+\\ > Cc-*^+/^Lwehavein4g^+(^,-;(„^,))||D/^^''(z;)|^ < 

Conditioned on coi^_j_i,co^_j_ 2 , • • • / by Lemma |2l we see that the probability of 

the events that violet the second condition for k,] are bounded by C 2 C~°^. 
Then by the same reasoning, we can make the probability of violating the second 
condition arbitrarily small by making C large. This proves the lemma. 

□ 

Now by the construction of stable manifolds in the theory of non-uniformly 
partially h 5 rperbolic systems, we get the following lemma. 
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LEMMA 6. For each C,e > 0, there exist constants l,p > 0 such that for any x in a 
co-null set of M, any co G AQe(x), the injective radius ofWfjx) is not less than I and 
the —norm of {x,l) is at most p. 

Proof. Choose ki,K 2 as ici = Por any co G ^c,e> any in¬ 
teger k > 0, we define the Lyapunov metric | • |[ on as follows. For 

any v G V~{T^{lo,x)), we define |ii|^ = u)for any v G 

y+(r*^(a;, x)), we define \v\[ = Ejlo IIFinally, we assume that 
V~{T^{co,x)), V~^{T^{co,x)) are orthogonal imder | ■ |[. Then it is direct to check 
that we can apply Theorem 2.1.1 in fl^ to conclude. □ 

Now Proposition[7|follows from Lemma |4l|5] and [6l 

□ 

Given an constant e > 0, we defined local stable manifold as >V^ £(x) = {y\d{fjj{x), fjj{y)) < 
e, Vn > 1}. Similar to the Pesin's theory in the study of iterations of a single dif- 
feomorphism, we can show that ^(x) depends on {co, x) measurably. 

The following proposition is the core of this section. 

Proposition 8. Let s > 0, integer k > 2. Given an IFS {fi}i<i<k consisted of k 
diffeomorphisms /,■ G Diff~^^ {M),i = 1, - ■ ■ ,k. If there exist l,p,9 > 0 such that for any 
X G M, any hyperplane E c T^M, we have 

1 

P(yy^(x) exists and is {l,p,9)— regular with respect to E) > - 

Then any invariant closed set for IFS {fi}i<i<k having positive volume equals to M. In 
particular, {fi}\<i<k is transitive. 

Proof. Assume to the contrary that there exists a closed set F C that is invariant 
under /; for all 1 < i < k, and m(r) > 0. Denote F' the set of Lebesgue density 
point of F. Since /, is nonsingular with respect to m for all 1 < i < fc, we have 
/,.(r') = r for all 1 < i < k. Thus replacing F by F', we can assume that for any 
X G F, any open set U containing x, we have m{Tf]U) > 0. 

Take any y G M \ F, there exists x G F such that d{x,y) = infzgrd(z,i/). There 
exists an open neighbourhood of x, denoted by U, such that: for any z G Li, any 
Ci+s 

—curve C through z that is {l,p,9)— regular with respect to the hyperplane 
E' c TzM, where E' is obtained from E through a local parallel translation, we 
have C n 7^ 0- 

Since /, preserves m for all I < i <k, we know that for P — a.e. co, local stable 
manifold Wf ig,.{x) is defined for m — a.e. x, and depend on x measurably. By 
Lusin's theorem, we can find a set Oq c O such that 

1. P(no) > 

2. For each co G Oq, there exists F^i c F, such that: 

(2.I)m(F\r^) < ^m{Tf]Uy, 

(2. II) Wf ;q^(z) is defined everywhere and depends continuously on z restricted 
toz G Fa,; 

(2.III) For any z G Fw, any open set V containing z, we have m(raj fl ^) > 0- 
It is direct to see that there exists z G F f) FT such that 

F(z e Fa;) > I 


(6.5) 
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Indeed, we denote m = normalised volume form restricted to 

r n (this is well-defined because ni{T f]U) > 0), then 

(P X m){(a7,z);z e r^;} > P(no) 

By Fubini's theorem, there exists z G F p| LI that satisfies I I6.5II . 

From the h 5 rpothesis of the proposition, we have 

1 

P( (z) exists and is (/, p, 6) — regular with respect to E') > - 
where E' C TzM is obtained from E through a local parallel translation. Then 
P(z G Fa; Pi LL, W^(z) exists and is (Z,p,0)—regular with respect to E') > - 
By the choice of U, we see that 

p(z G Fa; P LL, Wf;(z) exists and >V^(z) f]r‘^ ^ 0) > ^ 

By (2.II), for each a; G Oq such that z G Fa;, there exists an open set 14; containing z 
such that: for any z' G 14; fl To;, (z') is defined and (z') fl ^ 0. By (2.III), 
we have fw(14; fl To;) > 0. By the absolutely continuity of the lamination, for 
P — a.e.co, there exists a set Ka, C M of positive measure such that for each w G Koj, 
there exists z' G 14; fl ho; such that w G >Vf;(z'). Then 

F{m{w G F‘^;there exists z' G F such that w G VV’f;(z')) > 0) > 0 

By Fubini's theorem, we have 

m{w G F‘^;P(there exists z' G F such that w G VV’^(z')) > 0) > 0 

While ni — a.e. point iv is typical for the IFS for ni — a.e. point zv,P — 

a.e. CO, the trajectory {/” (w) }„e]N accumulates at w. Then there exist w G F'^, z' G F, 
suchthatw G W^(z') andliminfn->ood(w,/^(w)) = 0. Thenliminf„^ood(w,/^(z')) 
0. This gives a contradiction since /” (z') G F for all n and d{w,T) > 0. □ 

By combining Proposition |8] with the estimates in fSl, we are now ready to de¬ 
duce TheoremSl 

Proof of Theorem^ In fSl, the authors showed that under the h 5 ^othesis of Theo- 
remlH either {/«} is (no/Ki,K 2 )—uniform for some > 0,K2 G (—oo,k:i), in 

which case the transitivity follows from Proposition |8]; or {fa]oi is linearizable, in 
which case we have ergodicity ( see (HI ), and hence transitivity. □ 

Definition 22. Given any 1 < I < d,t] > 0, a continous I— subspace distribution P on 
M assigning each point x £ M to P{x) G Gr{TxM, 1), we say that the IFS {/;}i<Ki: 

T]— nontransverse to P if the following holds: for any x G M, any E G Gr{TxM,d — 1), 
we have 

#{i\ Dfi{x,E) is transverse to P{fi{x)) } > (1 — ri)k 

The criteria in Proposition[8]can be used to construct transitive IFS, for example 
the one in the following proposition. We give a detailed proof for the following 
proposition. Then we will give a sketched proof for a different, yet similar situa¬ 
tion. 
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Proposition 9. Given s > 0,b e [ 1 , 5 ] and g G VS\'^^{M, m; b) having an uniformly 
dominated splitting 

TM = El © £2 ffi £3 

with dim(Ei) = dim(E 3 ) = b. Let constants > 0 satisfy Il2.5t , Il2.6t 

and related to the above splitting. Then there exists rj > 0 depending only on the 
ratios between {Xi/Xi}i<i <2 ‘^nd ||g||ci, such that for any integer L > 0 diffeomorphisms 
hi, ■ ■ ■ ,hi ^ Diff^^{M,m) that is rj—nontransverse to Ei and rj—nontransverse to E 3 , 
there exist K > Q,nQ,Ki > 0, K 2 G {— 00 , ki) such that the Bernoulli ITS {hi,g^hig~^-,l < 
i < L} is {nQ,Ki,K 2 ,b)— uniform. 


Proof. By I I2.5II , I I2.6I I, (12.7b in Definition|3 there exists constants f > 0 and ;\;i, Xh X 2 > 

0 that satisfy 

^ + Xi< Xiiori = 1,2 


and 


l|Dg(^)ll r. r. 
sup .. < e^' < < 

i;eEA{0} 


inf 


l|Dg(ii)|| 


iieE,+i\{0} II w I 


for i = 1,2 


We choose constant > 0 such that 

(6.6) .-*< inf l!2fM< sup EfP 

veTM\{0} veTM\{0} FII 

We also denote 


(6.7) A = sup (||/j(||ci, \\hi icO 
ie[l,L] 


By hypothesis and the compactness of M, there exists a constant t > 0 such 
that for any x G M, any E G Gr{TxM, d — b), we have 

(6.8) #{f| Z{Dhi{x,E),Ei{hi{x))) > t} > (1 - f])L 


and 


(6.9) #{f| Z{Dhi{x,E),E3{hi{x))) > t} > (1 - p)L 

It is elementary to see that there exists Cipp > 0 such that for any x G M, any 
E G Gr{TxM,d — b) satisfying Z(E, Ei(x)) > T,foranyij G N* we have 

( 6 . 10 ) sup ||P(D^,(^E))±(Dg‘?(x,i;))|| < 
veU(E-i-) 

Similarly, there exists C 2 ,t > 0, any x G M such that for any E G Gr{TxM,d — b) 
satisfying Z(E, E^{x)) > r, for any q G N* we have 

( 6 . 11 ) sup ||P(D^-,(^^E))±(Dg-‘?(x,i;))|| < 
veU{EZ 

Take Ct = max(Ci C 2 ,t) and let qhe a small constant to be determined later. 
We will see that t] can be chosen depending only on the ratios between {Xi, Xi}i<i <2 
and||g||ci. 

Denote hj j = g^^hig~^i for 1 < z < E, 0 < / < 1, where X is a large integer 
whose value will be determined depending solely on rj, f,, Ct and g. 

Given I > 1, {{is,is)}s=i,-,i, we denote 

Hh,hz- • Ahil) = hii,j[ ■ ■■K,h 
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Then 

Hh,h>■ ■ ■ >n>ii) = 

We also denote 

/(h/7i; ■ ■ • -Ahii) = 

For any infinite sequence co = icO]()kez.^ where co^ = {ikjk)/ n > 1, we 
denote 


K = h{il,h'-■ ■ ',in,in) 
fZ = f{h,hr-- -An^in) 

It is clear from the expression that/(zi,/i; • • • Auji) is independent of i;. Moreover, 
we have 

( 6 . 12 ) /« + ! = g^^A-in^^)h,JZ 

To show that for some K > 0, the IFS associated to {hj, g^hig~^’, 1 < z < L} is 
{nQ,Ki,K2,b)— uniform for some nQ,Ki > 0,K2 G (—oo,ki), it is enough to show 
that: there exist K > 0, kj > 0, K2 G (—oo, ki) such that for any x G M, any 
E G Gr{TxM, d — b), any n > 1, we have 

E(log sup \\P^rn+i,j:u{DfZ'^'^{x,v))\\)-E{log, sup 
veU(E^) ' veU{E^) 

(6.13) \\PDf!i{.,E)A^fZ{x^^m) <-^1 
and 

(6.14) E(log inf ||D/”+i(x,u)||)-E(log inf ||D/"(x,zz)||) >-K 2 

ueU(E) liGU(E) 

We will detail the proof of the first inequality, the second one follows from a 
similar argument. 

By conditioning on the first (n — 1) — iterations, the first inequality follows from 
the following : there exists ki > 0, such that for any x G M, any E G Gr(TxM, d — 
b), any n>l, any {{ik,ik)}i<k<n-ir the follow is true : 

/:=E(log sup \\Pj 2 fn+i,^E)±{DfZ'^^{x,v))\\-\og sup 
veU{E^) ' veU{E^) 

(6.15) j:)_L(D/^(x,z;))|||a;;t = (4,/lc) for 1 < fc < n - 1) < -ki 
F or any (;, p) G {0,1}^, we denote 

(6.16) /y,p:=E(log sup ||PDf«+i(^E)_L(D/”+^(x,r))|| - log sup 

veU{E^) " ' veU(E^) 

llPD/-(x,E)^(D/Z(x,v))lllcOk = (4,4),VfcG [l,n-l],a;„ = (*,;),a;„+i = (*,p)) 
Then we have 

/ = |(/o,0 + Jo,l + ll,0 + /l,l) 


(6.17) 


C DENSITY OF STABLE ERGODICITY 


31 


By Il6.12b . for each p) G {0,1}^ we have 

Jj,j, <E{los sup - ' \(Dfn(xv))\\ = 

Vfc e [l,n- 1],CV„ = {*,]),CVn + l = {*,p)) 

<E(log sup 

veU{DfS,{x,E)^) 

(6.18) |ai;t = (4//;c)/Vfc e[l,n- l],a;„ = (*,;),ai„+i = (*,p)) 

For any x e M, any E G Gr{TxM, d — b), any (;, p) G {0,1}^, any i G {1, ■ ■ ■ , L}, 
we denote 

(6.19) }{j,p,i;x,E) = log sup ||Pp n)±(Dg^(^-P)D/ii(x,u))|| 

veU(E-^) 

Then by (16.18b and the fact that/^(x) and DfJ^{x, E) depend only on {(4,)jt)}i</c<n-i 
and in (but not i„), we have 


( 6 . 20 ) 


1 

}j,p< sup - ^/(;,p,f;x,E) 


xeM ^ 1=1 
EeGr(TxM,d-b) 


For any x G M, any E G T^M, any ; G {0,1}, any i G [1, E],we have 

(6.21) |/(;,/,z;x,E)| <logA 

For (;, p) = (0,1), by the hypothesis that the IFS is p—nontransverse to E3, for 
any x G M, any E G Gr{TxM,d — b), there are more than (1 — p)E many indexes i 
such that Z{Dhi{x,E), E3(Ei(x))) > t, for which i we have 

sup \\{P{Dg-f^Dhi{x,E))^iP>g~^P>H^>^))\\ < Cre-^^^A 

v€U{EX) 

For all i G [1, L], we have the trivial bound 

(6.22) sup ||(P(D^-KD,,.(^,E))L(Dg-^DEi(x,i;))|| < 
veU(E^) 

Thus for any x G M, any E G Gr{TxM,d — b), we have 
1 ^ 

(6.23) - ^ 7(0,1, i; X, E) < pKx + (1 - v){-Kx 2 + log Q) + log A 
^ 1=1 

Similarly, for any x G M, any E G Gr{TxM,d — b), we have 


1 ^ 

(6.24) - ^/(l,0,z;x,E) < pX,y + (1 - p)(X;yi + logCr) + log A 
^ 1=1 

By ( 16.17b , (16.20b , I l6.21b , (16.23b and (16.24b , we have 

/ < logA + ipK;y+i((l-p)E:(xi-;e2)+21ogCT) 

< logA + ilogCT + (ip;y-i(l-p)f)fC 
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Thus for any icj < by letting t] to be sufficiently small depending only on 
X, K\, and by letting K to be sufficiently large depending on rj, Cr, A, we get 
(16.15b for 

Ki = Xki > 0 


This completes the proof. 


□ 


Proposition 10. Given s > 0, g G 'DS]^^{X,m). Let the dominated splitting TM = 
£i © £2 and constants XirXi'X^'^rX^ given by Definitional^ Then there exists rj > 0 
depending only on the ratios between Xh Xh X''^> X^ smc£ that for any £ > 0 diffeomor- 
phisms hi, ■ ■ ■ ,hi G Diff^^{M, m) that is y—nontransverse to Ei and y—nontransverse 
to £2, there exist integers X, ng >0 and ki > 0,K2 G (— 00 , ki) such that the Bernoulli 
ITS {hi,g^hig~^;l <i<L} is {nQ,Ki,K 2 ,b)—uniform. 


Proof. The main idea of the proof is the same as Proposition 0 We will only detail 
the main differences. 

We define A as in (16.7b and take constant x'^/X^ > 0 such that 


o-x 


< inf 
i;eTM\{0} 


l|Og(p)|| 


< 


sup 

DeTM\{0} 


IIDg(p)ll 


< 


and we denote 


X = max(^®,x“) 

Similar to (16.8b , (16.9b , we take t > 0 such that (16.8b holds and (16.9b holds with £2 in 
place of £3. 

Similar to (16.10b . for some large Di ^- > 0, for any x G M, any £ G Gr(TxM, d — 
dim£i) satisfying Z(£, £i(x)) > t and any q G N* we have 

sup 

veU{ED 

iuf l|Dg‘?(x,i;)|| > D-igWi 
v€U{E) 

Since by hypothesis, we have dim £2 = d — dim £3 > dim £3. Thus for any 
£ G Gr(TxM, d — dim £1) transversal to £2, we have £ + £2 = T^M. Then for some 
large D2 ,t/ for any X G M,any£ G Gr( T^M, d — dim £3) satisfying Z(£, £2 (x)) > t 
and any q Gf^*, we have 

sup \\P{Dg-‘l{x,E))^iP’g~‘^{^>^))\\ < D2,Te"‘?^l 

veU{ED 

Take Dt = max(Di_T-, D2^x). 

Again we are lead to verify (16.13b and (16.14b . For (16.13b . all the rest of the ar¬ 
guments in proof of Proposition | 9 ] carry through with xi iu place of Xi- More 
precisely, we obtain that 

( 6 . 25 ) E(log sup ||Pp,„+i, -E(log sup 

veUiED “ ' v€U{eD 

\\PDf"{x,E)^iP>fw{x,v))\\) < log A + lyKx + ^{{l - y)K{xi - Xi) + ^lo^Dr) 

For any kj < \{xi “ Zi)/ by letting y to be sufficiently small depending only on 
the ratios between X,XirXi^\ > ^ud by letting K to be sufficiently large depending 
on y, f,, Ct, a, we get (16.13b for ki = Kki . 
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We will show J6.14b . We need to use hypothesis (13.1b to ensure that K 2 can be 
chosen to be smaller than ki . 

For any x e M,E c TxM, any n>l, any {(4//i:)}i<A:<n-i/ we define 
H = E(log inf ||D/^+i(x,M)||)-log inf 

\\Df^{x,u)\\\cv!, = (4,4) for 1 < fc < n - 1) 

For any (;, p) e {0,1}^ and integer i E [1, L], we denote 

(6.26) Hy^p:=E(log inf ||D/"+i(x,i;)|| - log inf 
\\Dfw{x>u)\\\^k = (4/4),Vfce [l,n-l],a;„ = (*,/),a;„+i = (*,p)) 

(6.27) H(;,p,/;x,E) = log inf \\Dg^^!-f’')Dhi{x,u)\\ 

uGli(E) 

Similar to (16.17b and (16.20b , we have 

(6.28) H = 1 (Ho,o + Ho,i + Hyo + Hiy) 
and 

1 ^ 

(6.29) Hj > inf -Y,H{i,p,v,x,E) 

' xeM L ^ 

EeGr(rj-M,rf-dim£i) 

Similar to (16.21b and (16.22b , we have trivial bormds 

(6.30) H{j,i,i;x,E) > —log A 

(6.31) H(;, p,;; x,E)> —Kx — log A 

for all (4 p) e {0,1}^ and 1 < i < L. 

For (;',p) = (0,1), for any x E M, E E Gr{TxM,d — dimEi), any infeger i E 
[1, E], we have 

(6.32) H{0,1, i; x,E) > -Kx'" - log A 

For (4 p) = (1,0), by fhe hypofhesis fhat the IFS is p—nontransverse to Ej, for 
any x E M, any E G Gr{TxM,d — dimEi), there are more than (1 — p)E many 
indexes i such that Z{Dhi{x, E), Ei{hi{x))) > x, for which i we have 

(6.33) inf ||Dg^D4(x,M)|| > 

uGU(E) 

Put together (16.28b to (16.33b . we obtain that 

LHS of (|6.14b > -logA-^logDr-^K(x‘' + tJX-(i-tj)Xi) 

(6.34) > j(xi-x'‘) + 0(tjKx)+0(logA + logDr) 

Thus for any K2 > I {x“ ~ /Cl)/ by letting p to be sufficiently small depending on 
the ratios between xi, ^rid by letting K to be sufficiently large depending 

on A, Dr, p, K 2 , we have 


LHS of dm > Kk 2 =: K 2 
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Finally, by <3.1b we see that Xi ~ Xi > ~ hence we can choose K 2 < ici, 

and hence K2 < ki . This completes the proof. 

□ 

6.2. Creating transversality. Recall that X = Y x N where Y, N are defined in 
NotationlH and Tiy ( resp./TN) is the canonical projection X —)■ Y (resp. X —> Af). 

Given an integer I € [1, c], we define a smooth Riemannian manifold, denoted 
by Gr;, as follows. For each j e X, we choose a local chart containing 7ry(x) and 
a local chart containing 7 T]v(x), the product of these two form a local ( central ) 
foliation chart containing x. This allows us to assign a smooth manifold fibered 
over X whose fibre is identified with the / —Grassmannian of the centre subspace. 
We denote this fiber bundle by Gr; and denote p : Gr; —> X. An element of Gr; 
will be denoted by (x, E) for some x G X and E G Gr(Ep(x), /). We fix an arbitrary 
Riemannian metric on Gri. 

In the rest of this subsection, we fix a skew product map F belonging to either 
U[{X, Vol; 1) for some integer I G [1, j] or U^iX, Vol). We consider the lift of F : 
X X to the Gr;, denoted by G(F) : Gr; Gr;, where for any (x, E) G Gr; 

G(F)(x,E) = (F(x),DF(x,E)) 

Using the invariant splitting of F, we define a G(F)-invariant splitting of the 
tangent space of Gr; as follows. 

Definition 23. For any (x, E) G Gr; ( E denotes a I — subspace ofEp{x) ), the tangent 
space of Gr I at (x, E) can he canonically identified with 

G TxC,(p : E —>■ E-'-} 

Here E^ is defined to be the orthogonal complement ofE in Ep(x). For * = s,u, we denote 
E*(p)(x,E) = {(z;,0);z;GE*} 

and denote 

Eg(p)(x,E) = {{v,cp)-v G Ep{x),(p : E E-^} 

We have 

(6.35) Ti^^ p'^Gri = Ej^jp^(x, E) ©Ej^jp^(x, E) ©Ej^^pj(x, E) 

For each (x, E) G Gr;, we define a norm || ■ ||* on ^^Gr; as follows. For each 
{v,(p) G T^^ p^Gri,we denote 

II(g<?>)||* = Ibll + \\(p\\ 

It is direct to see that || ■ ||* is a Finsler metric on Gr; and is equivalent to the 
Riemannian metric on Gr;. 

LEMMA 7. Given integer r > 3, for any C’’ skew product map F, we have 

(1) IfF is 1—center bunching, then G(F) is a C''”^ partially hyperbolic system foli¬ 
ated by compact central leaves. Each compact central leafofG{F) is of the form 
p~^ {Ny) for some y G Y. 

(2) IfF G U[{X,Vol-,l) for some I G [I,^] or F G U^iX, Vol), for any compact 
central leaves Ci,C 2 belonging to Wp‘(resp. Wf), ^g{f) p-i(Ci) 

^ ) «Fe well-defined and C^. 
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(3) If F is 1—center bunching, given F any C deformation ofF, after possibly reduc¬ 
ing the size ofU, the map G(F) : U x Gr; —)■ Gr; defined as 

^)(b,x,E)=G(F(b,-))(x,E) 
is a C''”^ deformation o/G(F). 


Proof We first prove (1), the rest follows from the standard theory of normal hy¬ 
perbolic systems. 

Since F is C'', G(F) is a diffeomorphism. It is direct to check that G(F) 
expand ( resp. contract rates stronger than (resp. stronger than 

Moreover, G(F) expands Ep x {0} at a rate weaker than e^‘^ and contracts it 
at a rate weaker than ) with respect the metric || • ||*. 

Forany(x, E) G Gr/, any G r(^ £)Gr/, we denote (0, i/i) = DG{F)(^^ p'^{0,(p). 
By definition and straightforward computations, we got 


xp{u) = Pop(^e)_l(DF(x,(|)(DF \F{x),u)))) 


Moreover, we have 


\m 

u€DF(x,E) l“l 

||i/i(DF(x,mo))|| 

,Jp ||DF(x,mo)|| 

-nn inf “ C>F(x, Uq) || 

„„P.o6E ||DF(x,Uo)|| 

< e-^^+^%uD 

S ll“oll 


= e-A+A\\c[,\\ 

Similarly, we have 



If F is assumed to be 1 —center bunching, we have 


t' > -t +1 


Hence G(F) is partially hyperbolic with respect to the Finsler metric || ■ ||*, hence 
is also partially h5rperbolic with respect to the Riemannian metric on Gr/. It is 
direct to check that the centre leaves of G(F) are of the forms p~^{C) where C is 
a compact centre leaf of X, and they form a C’'~^ foliation of Gr; (i.e. there exists 
foliation charts ). This completes the proof of (1). 

Now we have shown that G(F) is dynamically coherent with compact central 
leaves. Let C be an arbitrary compact central leaf of F, we denote C = p~^{C), 
which is a compact central leaf of G(F). For Ci, C 2 , two arbitrary compact central 
leaf of F contained in the same (resp. , We have a homeomorphisim 
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If F belongs to either U[{X, Vol;l) for some integer I G [1, |] or W|(X, Vol), we 
always have 

(6.36) - -t ^ rnaxix", 0) + max{-x‘', 0) < 0 

Then F is 1—center bimching. Moreover, G(F) is also 1—center bunching. Indeed, 
in the case where x‘^ < 0 < x'^, the rate of expansion/contraction of D(G(F)) in 
the centre directions is between \—x‘^ + x‘^,x‘^ — x‘^\ - Then in this case, II6.36II gives 

which is exact the 1—center bunching condition for G(F); in the case where x‘^ ^ 
< 0, the rate of expansion/contraction of D(G(F)) in the centre directions is 
between [x‘^,x‘^ — x‘^]. Then in this case, II6.36II gives 

which is again the 1—center bunching condition for G(F) in this case; Similarly, 
when 0 < ;^'^ < x‘^, we can obtain the 1—center bunching condition for G(F) from 
(16.36b . Thus (2) follows from (1) and Theorem|^ 

Finally, it is obvious that G(F)(0, ■) = G(F). By(l) and the fact that partially 
h5rperbolic systems form an —open set of diffeomorphisms, we obtained (3). □ 

A construction similar to (3) in Lemma [7| can be carried out for infinitesimal 
C'^ deformations. In order to construct the desired perturbation, we need more de¬ 
tailed knowledge of a lift of a smooth vector field on a central leaf C. The following 
lemma link the vector field on C with th vector field on (C). 

LEMMA 8. Let Cbea compact central leaf, and V = p~^{C). (V is naturally isomorphic 
to Gr{C, 1)). Let V be a O' vector field on C. Let Oy : C x IR —>• C foe the flow generated 
by V, i.e. 3fOy(x, f) = y(<l>y(x, t))for all (x, f) G C x IR. Define map G(‘I>y) as 

G(‘hy) : 2? X ]R —)■ 2? 

(x,E,f) HA G(Oy(-,t))(x,E) 

where G(<hy(-, t)) is the lift of the map <hy(', t) to T>. Then G(Oy) is the flow generated 
by G( V), a C''“^ vector field on T>. LiereG{V) is defined as follows. For each (x, E) G 22, 

(6.37) G(y)(x,E) = (V(x),^) 
where f G £(E, E-'-) 

(6.38) 4>{u) = Pj:^{DV{x,u)),W G E 

Proof. Check by definitions. □ 

In order to construct a suitable smooth deformation, we need to find moderately 
separated loops contained in a small region. This is summarised in the following 
lemma. 


LEMMA 9. For any L > 0, there exists C{L) > 0, such that for any central leafC, any 
cr > 0, there exist L su— loops at C, denoted by 71, ■ ■ ■ , ji, where 7/ = (Cj-p, C, ,2/ C/p), 
such that the parts of the stable/unstable leaves connecting the central leaves are contained 
in B{C,(7) and 


(6.39) min (d(C,C,p),d(C,p,Cyp),d(C,p,q2),d(qi,q3)) > 3C(L) 

l<k<3 


-1, 
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Proof. Without loss of generality, we assume that n > 0 is small enough so that for 
any y &Y, the map exp^^ restricted to By (0,(7) C TyY is a 2—Lipschitz diffeomor- 
phism. We note that exp^(E*(i/) nBy(0,c7)) is o(c7)—close to Wp(i/) for * = s,u. 
The lemma follows from the above observations and the fact that the angles be¬ 
tween stable unstable distributions are uniformly lower bounded. □ 

Proposition 11. Given any F e U\{X,Vol-,l) for some integer I e [l/f] (resp. 
1^2 (X, Vol )),for any tj e (0,1), there exists an integer L > 0, an integer qo > 0 such that 
the following is true. For any periodic central leafC with period q > q^, there exist L su— 
loops at C, denoted by 71, ■ ■ ■ , ji, such that for any e > 0, there exists F' G E/( (X, Vol; 1) 
(resp. F' G Ef|(X, Vol)) satisfying the following 

(1) dcr{F',F) < e; 

(2) The IFS {fdf',7,}i<KL C Diff^ {C,m) is q— nontransverse to Ei\c,E^\c (resp. 
q—nontransverse to Eilc/^ilc )■ Moreover, F't : C ^ C preserves the splitting Ei\c © 
Ellc- 

Proof. Firsf we consider the case where F G E/((X, Vo/; Z) for some integer Z G [1,3]. 

Construct Gr^_i as in the beginning of fhis section and denote the canonical 
projection by p : Gr,._i —)• X. Denote V = p~^{C). By construction F) is the 
(c — Z)—Grassmannian bundle over C. It is direct to calculate that 

dim(D) = c + (c — Z)Z 

In the following, we denote C; = dim(D). 

By Definition ITT] and l9l we see that the map F‘^\q g 'DS\{N,m;l) modulo the 
natural isomorphism between C and N and we have a natural isomorphism 

Gr,_i{X) = Y xGr{N,c-l) 

Moreover, the restriction of Ei © E2 © E3 to C gives the splitting in the definition 
of DS|(N, m;l). 

We define 

X = {(x,-, g V^\#{i;Fi is not fransverse fo Ei(x,) or E3(x/)} > qL} 

We now estimate the Hausdorff dimension of X. For i = 1,3, we consider the map 
Pi : C ^ Gr{C,l) defined by 

Pi{x) = {x,Ei{x)) 

By (13.2b in Definition ITTl F‘l\c along wifh the splitting (B^^^Eilc is pinching. 
By Proposition [T] and its corollary, pi,p3 is 0—Flolder for some 6 G (;^,1). We 
denofe 

Eq = {(x, E) G X>|E is nof transverse to Ei(x) or E3(x)} 

LEMMA 10. We have 

(6.40) HD(Eo) < dim(D) 

Proof. Take any f G {0~^, ^^)- For small <5 > 0, we choose a S^—net in C, denoted 
by Jf, such that #Af = For each x G Af, the subset of Gr{TxC,c — Z) 

defined as A(x) = {E G Gr(rj:C, c — Z)|E is not transverse to Ei(x) and E3(x)} 
has dimension at most Z(c — Z) — 1. Thus A can be covered by 
many li—balls. For each y £ C, there exists x E Af such that d{x,y) < 5^, thus 
d((x, Ei(x)), (y, Ei(y))) < 5^^. Since F/5 > 1, when ^ is sufficiently small, we 
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can choose a A/i, a subset of 

2. A/i form a <5—net in Eq. By the choice of /3, we see that cji — 1 + l{c — 1) < 
c + l{c — 1) = dim (12). Since (5 can be arbitrarily small, this implies that HD (Eg) < 
c/3 — 1 +/(c — Z) < dim(D). □ 

We take g > 0 such that HD(Eo) < dim(D) — g. 

By the definition of E, we have 

E= u 

L>k>tjL je{ii,-Ak} ji{h,-,ik} 

Then we have 

HD(E) < dim{V^)-rjLg 
We choose L = L{r],g,c) so that 

t]Lg > Cl = dim(D) 

We now construct a collection of vector fields on N which will be used as build¬ 
ing blocks for the construction of the infinitesimal C’^ deformation V. 

We fix a metric on V. For any p G N, E G Gr{TpN,l), any (v,^) G 

where v G TxC, (p G jC{E,E-^), there exists a divergence free vector field on N, 
denoted by Vq, such that 

Vo(^) = V and (p{u) = P^±{DVq{x,u)) for all u E E 

By LemmaO G (O ) is generated by the flow G (Vg) / by our choice, G(Vg)(x,E) 

{v,(p). 

We can find a finite collection of points in TT>, denoted by {(x^, E^, Va,(pci)}cc€A 
such that the set of vector fields 14 we constructed accordingly satisfy the follow¬ 
ing property. There exists k > 0 such that for each (x, E) G D, there exists a set of 
indexes xi, • • • ,occ^ such that 

det((G(V'a;)(x,E))i<Kc,) > K 

There exists a constant Ci > 0, such that the following holds. For any u > 0, 
any y G Y, there exists a smooth function p on Y supported in B (y, a) such that 

p(y) = 1 and Lfp(p) II ^ ||(-o < Cicr ^ 

aeA 

Let C 2 = C(L) be given by Lemma HI Let yg = Rg(L, C 1 C 2 , \k) he given by 
Lemma[T] We take any /—periodic point y eY with periodic larger than yg. Then 
for some sufficiently small cr > 0, denote Qg = 7 T/^(B(y,u)) and Q = p“^(Qg), 
we can ensure that R{Q) > qo- Then by Lemma 13 we can find E su—loops at 
C denoted by 71, ■ ■ ■ , 7 l, whose lifts Fi, ■ • • ,Ti are connected by stable/unstable 
manifolds contained in Q and satisfy ll6.39b for C 2 . Flere the lift of a sm— loop for F 
is defined as follows. For any su—loop for F, 7 = (Ci, C 2 , C 3 ), we can get a su—loop 
for G(F) at V, denoted by F = (Di, D 2 / ^ 3 )/ where D, = p“^ (C;) for i = 1,2,3. 

Denote I = \A\L. We construct V, an infinitesimal deformation with I— 
parameters, as follows. By the choice of Ci, for each Z = 1, • • • , L, we can choose a 
bump function p, on Y, supported in 7 rY(B(C,p, C/^u)) such that 

(6.41) = 1 and Lip{pi)\\ V^Wco < CiC 2 £r"^ 

oteA 
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By (I6.39t and the hypothesis that supp(p) G 7Ty(B(C, j, C2 ^cr)), we see that the sup¬ 
ports of Pi are mutually disjoint, and are disjoint from {7 Ty(C), 

For each B = (B,- G IR^, each x G X, we define 

V{B,x) = ^ ^ Bi^^Pi{TlYix))Va{nNix)) 
i=l xeA 

If is direcf fo see thaf fhe lift of V, denoted by G( V), is (Q, C1C2) —adapted. 

For each (x, E) G T>, there exist indexes {a;,!, ■ ■ ■ , }t<kl C A such that for 
each integer i G [1, L], 

(6.42) > k 

Here we identify ^ ^ ^ with N tacitly. 

By J6.41II . J6.42b and the fact that the supports of p, are mufually disjoint, we 
have that 


Db 






for all 1 < i 7^ y < L and 


det(DB 


'>H,r 




for all 1 < i < L. 

Then we can apply Lemma[l]and Proposition [6] ( with Grc-i{X) in place of X ) 
to conclude the proof. 

The case where F Ghl^iX, Vol) follows from a similar argumenf. □ 


6.3. Dichotomy. Combing Proposition ITT] with Proposition Proposition [8l we 
are ready to prove Theorem |2l 


Proof of Theorem^ We first consider the case where U = U 2 {X,Vol). Take any 
F E U. Let X\,Xi,i(f be given by Definition ITT] Let rj be given by Proposition 
[lOl with —x‘^ (resp. x^^) in place of ;y®(resp. x''^)- Then by Proposition ITTl there 
exist L,qQ>0 such that the following is frue. Take any compact periodic central 
leaf C with periodic q > qo, for any e > 0, there exists G G U^iX, Vol) such that 
dcr(G,F) < e; and L sm— holonomy loops such that the corresponding holonomy 
maps at C, denoted by Ej, • • • ,hi, are //—nontransvserse to Eij^, E2|c- Moreover, 
denoteg = G‘^\c '■ C C, g preserves the splitting Ei|c © E2|c- It is direct to verify 
that g G VS^iC, m) and 


pK 


< sup 

iFSEiMO} 


llpg(^)ll 

Ibll 


< < e' 


.<1X1 


< 


inf 

weEzMo} 


\\Dgiu)\\ 

ll«ll 


< e' 


u 


By (I3.6II , the skew product map F is and 1 —center bunching, hence by Theo- 
rem[7|Ei, ■ ■ ■ ,hi are diffeomorphisms for some f > 0. 

Since in Proposition [TOl q only depends on fhe ratio of the constants related to 
the map and the splitting. We can apply Proposition[8]and Proposition[lO]and for g 
and {/i, }i<;<L fo conclude fhat for some integer X > 0 thelFS {E,, 
admits no proper closed invariant set of positive measure. We denote that for each 
i G [1, E], G^‘^hiG~^‘^ is also a holonomy map corresponding fo a su-loop. In¬ 
deed, assume fhat E, = Hq j where 7 = (Ci,C2, C3) is a sm— loop at C. By the 
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G—equivariance of G— holonomy maps. We have = Hq qk^^, here 

G*-'?7 = (G^^Ci, G^‘^C 2 , G^‘IC:}) is a sw—loop at C. 

If G has an open accessible class A. Then by the sm— holonomy invariance of 
accessible classes, the closed set A'^ f]C is invariant under all the maps associated 
to SM— holonomy loops, in particular, invariant by the action of {/i,, G^'i/!,G“^‘?}. 
Then m{A‘^f]C) = 0. Since for volume preserving skew products, all the holo¬ 
nomy maps preserve m. Hence {}i x m) {A’^) = 0. Thus G is essentially accessible. 

Finally we prove the openness. For any G that is sufficiently close to G, 
denote C the continuation of C for G. Moreover, the orbits of C, C can be made ar¬ 
bitrarily close by letting G,G to be close in C^. For each one of the L sm— holonomy 
loops at C, denoted by 7, we can find a sm— loop for G at C, denoted by 7, that 
is close to 7 in C*^. Then by the closeness between G and G, we can con¬ 
clude the C^—closeness of the holonomy maps and We note that 

nontransverse condition is a open condition. This shows that any G in a 
neighbourhood of G admits L sm— loops at C which are also —nontransverse 
to the dominated splitting of & restricted to C. Thus the dichotomy also holds for 
G. 

Using Proposition |9] instead of Proposition [TOl mutatis mutandis we can extend 
the proof to the case where U = U[{X, Vol; 1), I G [1, j]. 

□ 


7. The generic existence oe open accessible class 

In this section, we will show that within a class of skew products, a generic 
diffeomorphism admit at least one — stable open accessible class. Different from 
the mechanism introduced in HI, where the creation of open accessible class is 
based on basic homotopy theory, our method is based on a more sophisticated 
topological lemma discovered in ||3|. 

7.1. A criteria on stable value. In this section we state the topological lemma that 
is at the core of our construction of open accessible classes. First we borrow a few 
definitions from la. 

Definition 24. If f : X ^ Y is a continuous map between metric spaces X and Y, then 
y ^ Y is a stable value of f if there is e > 0 such that y G S(g)/or every continuous 
map g : X ^Y with dcoif^g) < £■ 

Definition 25. A continuous map f : X ^ Y between metric spaces X and Y is called 
light if all point inverses are totally disconnected. 

We will use the following quantified version of Definition l25l 

Definition 26. Given constant e > 0, a continuous map f : X ^ Y between metric 
spaces X and Y is called e—light if for every y &Y, every connected component of f~^ (y) 
has diameter strictly smaller than e. 

Now we state the main topological result we will be using in this section. 

Theorem 9. For any integer c > 0, there exists a constant e = e{c) > 0 such that any 
e—light map f : [0,1]“^ —t has a stable value. 


C DENSITY OF STABLE ERGODICITY 


41 


Remark 5. In fS), Proposition 3.2, the authors proved that: any light continuous map 
from a compact metric space of topological dimension at least n to IR” has stable values. 
Theorem^follozvs their proof zvith obvious modifications. 

We have the following corollary. 

COROLLARY C. For any integer c > 1, let be an open covering of [0,1]“^ 

such that diam{Uix) < e(c) for all a. ^ A, where e{c) is given by Theorem^ Let 
f : [0,1]“^ W be a continuous map such that for any x e [0, If, there exist IgA 
such that: 

(1) For any oc E I, we have x 6 Ua; 

(2) f]a€l f{dUa) = 0 . 
then f has a stable value. 

Proof. By Theorem|9l it suffices to check that / is e(c)—light. Take any x G [0, If, 
take IgA that satisfies (1),(2). Then there exists a. ^ I such that /(x) i ffdUa). 
We claim that the connected component of/“^(/(x)) containing x is contained in 
Ua. Indeed, denote the connected component of (/(x)) containing x by P. By 
the continuity of/, f~^if{x)) has no accumulating point in dUa. II Pf]U^ 7^0, 
we can find two disjoint open sets U, V such that P G U[jV and Pf]U, P fl ^ 
are both nonempty. This contradicts the connectedness of P. Hence the claim is 
true. In particular, the diameter of P is not larger than the diameter of Ucc which 
by hypothesis is strictly smaller than e(c). Since x is taken to be arbitrary, / is 
e(c)—light. □ 

7.2. Parametrise an accessible set. In this section, we will parametrise a subset 
of an accessible class. Then we will construct a family of random perturbations, 
among which we select the desired diffeomorphism with the help of Corollary lO 
Given an integer c > 2, a positive constant 9 e (^,1), we denote Ro(d0) = 
r c-(c-i)e-i 1 ^ Ki(c, 9) = cKq (c, 0) + 1. In the following, we will fix c, cr and 

denote Xi(c, 0) (resp. Kq(c, 9}) as Ki (resp. Kq) 

Now we fix a covering of [0,1]'^ using open sets in IR^, denoted by {lia}a6.A- 
Moreover, we require that: 

(1) .4 is a finite set and for all a G A, there exist constants {pa,iAa,i}i=i,...,c C 
[-1,2] such that Ua = [pci,l,qcc,l] X • • • X [pa,c,I?a,c]; 

(2) For any a E A, diamfUa) < e(c), where e(c) is given by TheoremHJ 

(3) For each x G [0, If, there exists a subset X C .4 of more than Ki elements 
satisfying that x E Ua for all oc El, and {dUajct^i ^^e mutually disjoint. 

(4) For each integer i E [1, c], {pa,i, qci,i}eieA mutually distinct. 

Denote = 10(min | pa i ~ “la 11) ~^ • define a set of points in [0,6c] as 

l<i<c 

follows. For each integer i E [1, c], we let 

The elements in Bi are 100“,^^, separated for all; = 1, • • • , c. 

Since / : Y —Y is an Anosov map. For any x,y,z EY such that y E 
z E there exist a imique intersection of yVj igdy) and YVf igg{z), which 

we denote by [y, z]. 
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LEMMA 11. There exist a constant Cq > 0 such that for any y E Y, any sufficiently 
small (7 > 0, there exist z G W^{y,cr), a curve ip : [0, Cf^a] Y contained in W"(i/), 
parametrised by length with the following properties. 

(1) Foranyt e [0,Cf^a],wehaved{[xp{t),z],^{\p)) > Cq^ct; 

(2) For any s,t E we have d{ip{s),ip{t)) > C(^^|s — t\. 

Proof. We will assume that cr is smaller than the injective radius of the manifold Y. 
Take Cl > 1 and cr small enough such that for any z E {y, c), eccvy w E >V“(i/, u), 
[w,z] is defined and [w,z] E B(i/, Ciu). 

Take C 2 > 0 such that dy\;u,dy\;s < C 2 dy, where d^u (resp. dyys) denotes the 
induced Riemannian metric on W“ (resp. W^). Since the angles between the stable 
and unstable directions of the Anosov map / : Y Y is uniformly bounded from 
below, there exist a constant C 3 > 0 such that the following is true when a is 
sufficiently small : for any z E yVj{y,o-) \ VV|(j/, ju), x G W'^{y,Cf^cr), w E 
(z, 2 C^C 20 -), we have d{w,x) > lOC^^u. 

Now fake Cq = max(C 2 , C 3 ), take ip : [0, to be any geodesic ( for dvv“) 

emanating from y in the unstable leaf, and take z to be an arbitrary point in 
Wj{y,a) \ Wj{y,jcr). We get (2) by the choice of C 2 and Cq > C 2 . To see (1), 

we note that for any t G [0, we let x = ip{t) and w = [ip{t),z]. We have 

w E B(z ,(7 + Ciu) n VV“(z) by the choice of Ci, and hence if G W“(z, 2 C 1 C 2 ) by 

the choice of C 2 . Finally, we get d{^p{t), by Cq > C 3 . □ 

Now we let Cq > 0 be the constant given by Lemma [Tl] For given y E Y, 
constant u > 0, we define a one-parameter family of 4-legged sw—loops as follows. 
Let z E Y, xp : [0, —>• Y be given by Lemma ITTl then for each t E [0, Cf^cr], 

we define the 4-legged sw—loop at Ny associated to parameter t to be 

y(t) = (N^(t),N[^(f),z],Nz) 

Since the domain of fhe curve tp is [0, to simplify notations we denote 

(1) for each integer i G [1, c], real number s G [—1,2], we denote the normalized 
coordinate on [ 0 , C^^a] as 

(7.1) <p(f,s) = %^(6f-2 + s) 

6 c 

(2) for each s = (si,• • • ,Sc) G [—1,2]“^ , each integer i E [1,c], we define the 
SM—loop corresponding to the i—th coordinate by 

Ti = liHhSi)) 

Given xq E Ny. For a skew product map F: NxY^NxY, we define the 
following map. 

cPf:[0,1Y^N 

C 

(7.2) ■ ,Sc) = ]QHf,.^.(xo) 

Hereafter, for diffeomorphisms /i,/2, ■ • • ,//, we use the notation 11/=! fi to denote 
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LEMMA 12. If for all integers i G [l,c],/or any subset B C Bi containing Kq elements 
we have 

n<?>F([-l, 2 ]'-ix{r}x[-l, 2 r ‘)=0 

reB 

then (pp has stable values. In particular, F has an open accessible class. 

Proof. By Corollary |C] and the property of the covering {Uccja, it suffices to prove 
that for any subset I G A such that \T\ = Xj, we have flael'/’f Since 

(ppidUa) = \JUi^F{diUct.) where 

diUa = [Pcc,lAcc,l] X ■ ■ ■ X {Pcc,i,q^,i} X ■ ■ ■ X [pcc.c, qcc,c] 

C [-1,2]'"^ X {pa,i,qa,i} X [-1,2]"“' 

we have 

fl cpp{dUoc) C f| (IJ <^f([-l,2]'-i X {pc,4,qc,i} X [-1,2]"-')) 

OL^X Oi^X z —1 

If we have Dael ^ 0, by jXj = Ki > cKq, there exist an integer i E [1,C], 

a subset J G I containing Xg elements, for each f> E J there is constant rp E 
{pp,u such that 

n <?>f([-l, 2 ]'-ix{r/ 3 }x[-l, 2]"-')^0 

pej 

While this contradicts the hypothesis in the lemma since {r^}^g j is a subset of S, 
containing Xg elements. 

□ 

It is also useful to generalise the construction of (pp for a C" deformation at F as 
follows. 

Given y E Y, cr > 0. Let xp : \fI,CQ^a] Y be the curve defined in Lemma 
[Tl]and let 7 be the one-parameter family of 4-legged sm— loops defined as above. 
Given xg G Ny, a skew-product map F, and F : Lf x X —t X, a C' deformation with 
/—parameters at F, we denote 

O : U X [-1,2]" ^Ny = N 

0(fc,Si,- • • ,Sc) = • • ,Sc) 

Similar to ll7.2b .$ is related to the holonomy map for T in the following way. 

(7.3) ,Sc) = 7rx((n^^L7i)(^'^o)) 

i=l 

As a consequence of Proposition |2] and Theorem[7l we have the following. 

LEMMA 13. Ifr>2 and F : X ^ Xisa 1—center bunching C skew product, then after 
possibly reducing the size of U, for each s E [—1,2]", the map ‘/’(vs) : 1/ —)■ N is 
for some f > 0. 

By Theorem|5l we have the following. 

LEMMA 14. Ifr> 1, 0g G (0,1), F : X — t X is a 9q— pinching C" skew product, then 
there exist 6 E (0g, 1), after possibly reducing the size of U, the map <i>{b, ■)•. U ^ N is 
uniformly 6—Holder for all b E U. 
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7.3. Creating open accessible class. Now we can perturbe F by constructing a 
sufficiently localized C'^ deformation to create an open accessible class. The proof 
of the following proposition is similar to Proposition |5] and Proposition ITT] 

Proposition 12. Let r > 2 and F be a 1—center bunching C skew product map. 
Given any non-periodic point y ^ Y, there exists cr > 0 such that let 7 denote a one- 
parameter family of 4-legged su—loop associated to y,a as in Lemma\TJ\ then there exist 
a constant kq > 0 and map P : U x X ^ X, a volume preserving C’’ deformation of 
I—parameters at F such that the following is true. For any integer i G [1, c], any B C Bi 
containing Kq elements, for each r £ B we choose an arbitrary Sr = {Sr,i, ■ ■ ■ ,Sr,c) G 
[—1,2]'“^ X {r} X [—1,2]“^“'. Denote for each B G TqU, 

S(B) = (DO((0,S,,i,- ■ ■ ,Sr,c),B))r(.l3 

there exists a subspace H c IR^ of dimension Kqc such that we have 

det(S|H) > Kq 

Proof. There exist a constant Ci > 0 such that for any cr > 0, any 4-legged sm— loop 
7 (f), the part of the local / unstable manifolds cormecting the centre leaves in 7 (f) 
is contained in Tzf^{B{y,Cicr)). We denote Q = Q(cr) = nf^{B{y,C-io-)). Since y 
is non-periodic for f, for any integer Rq > 0, by taking a to be sufficiently small, 
we can ensure that R{Q) > Rq. 

For any x G N, any v G TxN, there exists a divergence free vector field Vq 
such that Vo(x) = v. We can choose a finite collection of points in TN, denoted 
by {{xh, Vh)}he/^, such that the vector fields I 4 constructed accordingly satisfy the 
following property. There exists k > 0 such that for each x G N, there exists a set 
of indexes h^, - ■ ■ ,hc such that 

det((14.(x))i<Kc) > K 

There exists a constant C 2 > 0 such that for any cr > 0, any w there exists a 
smooth fimction p such that 

suppp C B{w,cr),p{w) = landLfp(p)|| ^ Vh\\c° — C 2 cr~^ 

hGA 

For each integer i G [1, c], any r G Bi, we choose a smooth function p,., such that 

(7.4) supppr,i C B{xp{cp{i,r)), ^ ),Pr,i{f{<p{f'r))) = 1 

and 

(7.5) Ll>(Pr,i)|| I] VhWcO < 6 cC 2 Cmi„CQ(T-^ 

heA 

Denote I = |.4| |A|c. For each B = {By ih)i<i<c £ we define 

reBi 

heA 

c 

V{B,x) = EEEs. ,i,hPr,i{nY{x))Vh{nN{x)) 
i=l reBi h€A 

By Il7.4b . (17.1b and fact that the elements in Bj are separated for each 

j = 1, ■■■ ,c, we see that the support of functions are mutually disjoint. As a 
consequence, V is (Q, 6 cCiC 2 CmmCo)~ adapted. 
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Differentiate II7.3II , we got that for each s = (si, • • • , Sc) E [—1,2]“^ 

(7.6) D0((0,si,---,Sc),B) 

1=1 /=;+! k=l k=l 

Now let i, B, {sr}r€B be given in the lemma. For each r E B, we denote 
= 7 ('P(hS,,y)),Vl <j<c 

To simplify notations, for each r E B, each integer j E [1, c], we denote 

7r,/ = {^yr,i,\''^yr,j, 2 ''^yr,i,?,) 

Now we define H as follows. For each integer I G [1, c], each r E B, we denote 

l-i 

Xr,l = 

k=l 


and 


We choose a set of indexes in A, denoted as /z,- 1 , • • • , hr,c E A, such that 

det((t4^_^(7rjv(wr,,)))i<fc<c) > K 

We denote = {^i=i'^r=r'^h=h')i<i'<c ^ define 

7eTi 

h'eA 

H = ®reB ®k=l 

We will estimate B)) for all integers I E [l,c] and indexes 

r E B, then use these estimates to give lower bormd for det(S|H)- 
Given integer I E [1, c\, index r G S, by Proposition|3 we got 


(7.7) ||7r,(DHr,^,P(0,X,,,),B)) - 

^Eyri,.yrJ^r,l.V{B,w,^m < Cc-«(Q)f||B|| 


where C = 6 cCiC 2 Cm,>jCo. 
For B G H, we have 


SUppV{B,-) C [J suppprj X N 
reB 

We also note that nyimry) = ip{(p{i,r)). Then by <7.4b , we have ;(tzv(w^ ;)) = 1. 
Therefore, we have 


V{B,Wr^l) 

^ 10 , / 7^ i 
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Then 

r ,1 ' ' r ,c 

{ 0,1 ^ i ov r' r 

{Vh,,i,{^N{Wr,i)))i<k<c^^ = i and r' = r 

Similar to the proof of Lemma[TJ by i7.7i . Il7.6b . II7.8II and Proposifion|3l we have 
(7.9) Dcl>((0,s,,i,---,s,,c),B) 

= D( n HI, 

M +1 

Thus by (17.St . we have 

(D< 3 >(( 0 ,S,. 4 , ■ ■ ■ ,Sr,c),B)) 

' r',1 ' r' ,c 

c 

= D( n y y F v v {Wru^B,^ ... B,. (V(B,Wri))) 

li F,l/r,,>y t,y, i2,yr,i^ F,yr,61/!/r,i,2' "r',h , , ' '°r',hi ' ' ' OH y y 

/=!+l 

+0(e"^(®f) 

Hence, when r ^ r', we have 

||Db^, ,...,b,. (DO((0,s,p,---,s,,.),B))|| =0(e-«(Q)?) 

' r,l ' r,c 

when r = r', we have 

defDB^,,_ {D^{{0,Sr,l,--- ,Sr,c),B))>K-0{e-^^^^^) 

'r',1 ' r',c 

Thus by lefting a to be sufficiently small, we can make R{Q) to be sufficiently 
large depending on k, Kq, cCiC 2 Cm,„Co ( all these quantities are indifferent to the 
choice of a ) and obfain 


def(E|H) ^ n 2 =■ '^0 


res¬ 


it is clear from the choice of k that kq is independent of i, B, {srjreB- This complefes 
fhe proof. 

□ 


The following proposifion is similar to Proposition!^ 

Proposition 13. Assume that F is a ^—pinching, 1—center bunching C volume 
preserving skew product. Given a non-periodic point y e Y,a > 0, a one-parameter 
family of 4-legged su—loop associated to y, u as in Lemma ITT] If there exist constant 
Kg > 0 and a C'' volume preserving deformation of I—parameters at F, denoted by F, such 
that for any integer i G [1, c], any B C Bi containing Kq elements, for each r G B, we 
choose an arbitrary s, = {Sr,\, ■ ■ ■ ,Sr,c) G [—1/2]'“^ x {r} x [—1,2]'^“', there exists a 
subspace H c IR^ of dimension Kqc such that we have 

det(H 3 B HA {D^{{0,Sr),B)),^s) > 

then for each e > 0, there exists b G U such that F' = F{b, ■) satisfies the following. 

(1) dcr{F,F') < e; 

(2) F' has an open accessible class. 
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Proof. For each integer i E [l,c], each subset B C B/ containing Kg elements, for 
each r E B, we choose an arbitrary Sr E [—1,2]'“^ x {r} x [—1,2]“^“^ we define 
map 

: U ^ 

= mb,Sr))reB 
We denote the diagonal of by 
^ = {{x)reB\x e N} 
and for any ^ > 0, we denote 

e N} 

Then taking the derivative at 0 G LI, we got 
= {D^{{0,Sr),B))reB 

Then by our hypothesis, there exist H c IR^ of dimension Kgc such that 
det(H3 >Ko 

Then by Lemma [T^ DYg is equi-continuous, there exist ^ > 0, such that for 

each b E U and \b\ < ^, there exist H' C Tf,U such that 

dim(H^) = Kgc 

and 

(7.10) det(H' 3 B ^ DWs,{sr}{b, B)) > ^Kg 

It is direct to see that ^ can be chosen to be independent of i, B and {sr}reB- Hence 
for any b E U,\b\ < any i E [1,c], any B C Bi containing Kg elements, any 
Sr E [—1,2]'“^ X {r} X [—1,2]'^“', there exist a subspace of Ti,U, denoted by H, of 
dimension Kgc such that det(T;,{J 3 B^DY6q,q(fo,B)) > ^Kg. 

We choose some sufficiently small <5 > 0, some constant f > 0, for each i E [1, c], 

each r E Bi, choose a —net in [—1,2]'“^ x {r} x [—1,2]“^“', denoted by 
For each integer i E [1, c], for each B C Bi containing Kg elements, for each r E B, 
we choose an arbitrary Sy = (s,-^, ■ ■ ■ ,Sr,c) E Jfyj, then the lower bound for the 
determinants implies that 

Consider 

^1= U i^B!{Sy}i^s)) 

i€[l,c] 

BcBi,\B\=Ko 
{srlsOreB W-.i 

then we have 

Vol{Ut) < 

Since Kg > we have > 1. We choose /3 G (0, — 1) so 

that — (c — l)Kg^^ + cKg — c > 0. Thus Vol{Ui) tends to 0 as <5 tends to 0. Then 
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for any e > 0, by letting S to be sufficiently small, we can find G Lt \ Lti so that 

dcr{F,P{b,-)) <e. 

Now we claim that for all sufficiently small <5 > 0, any b (z U\ Ui, take F' = 

F{b, •), the associated map cppi : [0,1]“^ —)• N has stable values. 

By Lemma IT^ it suffices to show that for any integer i G [1/C], any B C Bi 
containing Kq elements, for any r & B, we choose an arbitrary Sr = {Sr,i, ■ ■ ■ , Sr,c) G 
[—1,2]'“^ X {r} X [—1,2]“^“', we have : 

(7.11) {(pF'(Sr)}reB do not coincide. 

By hypothesis, for each r G B, there exist tr = (tr,i, • • • ,ir,c) G Myp such that 

i+;3 

d{sr, tr) < S~B~, Then by the fact that b G U \ Ui, we get 

Hence there exists r,r' E B such that d{<$>{b, tr), '$>{b, t,./)) > d. 

By Lemma [141 <^(b,-) = <pp(b-)(') ~ uniformly 0—Holder for b Fz U, 

we have 

d(<^p(h),</)p(Sr)) < 

Similarly d(</)jr/(tr/),(^p/(s^/)) < Hence when <5 can be made arbitrarily small, 
we have 

<i{4>F'iSr')><pF'{Sr)) > d{(ppi{tr),<ppi{tri)) - d{(ppt{tr),<ppi{Sr)) - /(t,./), (s,./)) 

> 5 - 0 { 5 '^+^) > 0 

Hence (17.1111 . This finishes the proof. 

□ 


Combing Lemma IT^ and Proposition[T3 we are ready to proof Theorem[T] 

Proof of Theorem^ Take any non-periodic point y Fz Y. For any F ^ U, we first 
apply Lemma [12] to obtain a volume preserving O' deformation at F that verify 
that hypothesis of Proposition [13| Then we apply Proposition [T3 to get diffeo- 
morphisms with an open accessible class in arbitrary small neighborhood of 
F. Since the condition in Lemma (121 is robust, and the fact that the holonomy 
maps of close diffeomorphisms in are close, we see that any map that is 
sufficiently close to F in topology also has an open accessible class. □ 
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